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αs in 2016



Status ofαs
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PDG average

In 2015, for the first time in over 20 years, the PDG uncertainty in αs has increased!
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The 2015 PDG average is αs(MZ) = 0.1181± 0.0013.

◦ Bethke Dissertori Salam @ PDG2015 and ISMD2015



Theory



Static energy

E0(r) = lim
T→∞

i

T
ln ; = exp

{

ig

∮

dzµAµ

}

Perturbation theory describes E0(r) in the short range (rΛ ≪ 1, αs(1/r) < 1):

E0(r) = Λs−
CFαs

r
(1+#αs+#α2

s +#α3
s +#α3

s lnαs+#α4
s ln

2 αs+#α4
s lnαs+ . . . )

• E0(r) is known at three loops.

• lnαs signals the cancellation of contributions coming from different energy scales:

lnαs = ln
µ

1/r
+ ln

αs/r

µ

◦ Brambilla Pineda Soto Vairo PRD 60 (1999) 091502



Energy scales

In the short range the static Wilson loop is characterized by a hierarchy of energy scales:

1/r ≫ Vo − Vs ≫ Λ; Vs ≈ −CF
αs

r
, Vo ≈ 1

2N

αs

r

0.0 0.1 0.2 0.3 0.4
0

1

2

3

4

5

6

7

r � r0

r 0
�

sc
al

e

1/r

(Vo − Vs)

αs(Vo − Vs)

ΛMS = 0.602/r0

(r0 ≈ 0.5 fm)



Effective Field Theories

EFTs allow the factorization of contributions from different energy scales.

=

QCD

+   

pNRQCD

+   ...

E0(r) = Λs + Vs(r, µ)− i
g2

N
V 2
A

∫

∞

0
dt e−it(Vo−Vs)〈Tr r ·E(t) r ·E(0)〉(µ) + . . .

res. mass potential ultrasoft contribution

◦ Brambilla Pineda Soto Vairo NPB 566 (2000) 275

The µ dependence cancels between
Vs ∼ ln rµ, ln2 rµ, ...
ultrasoft contribution ∼ ln(Vo − Vs)/µ, ln

2(Vo − Vs)/µ, ... ln rµ, ln2 rµ, ...



VA

The first contributing diagrams are of the type:

�

Therefore

VA(r, µ) = 1 +O(α2
s )



Chromoelectric field correlator:〈E(t)E(0)〉

Is known at two loops.
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Static octet potential

lim
T→∞
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〈φadj
ab

〉
=

1

2N

αs

r
(1 + #αs +#α2

s +#α3
s +#α3

s lnµr + . . . )

Is known at three loops.

◦ Anzai Prausa A.Smirnov V.Smirnov Steinhauser PRD 88 (2013) 054030



Static singlet potential at N4LO

Vs(r, µ) = −CF
αs(1/r)

r

{

1 +
αs(1/r)

4π
a1 +

(

αs(1/r)

4π

)2

a2

+

(

αs(1/r)

4π

)3 [16π2

3
C3

A ln rµ+ a3

]

+

(

αs(1/r)

4π

)4 [

aL2
4 ln2 rµ+

(

aL4 +
16

9
π2 C3

Aβ0(−5 + 6 ln 2)

)

ln rµ+ . . .

]

+ · · ·
}

◦ Anzai Kiyo Sumino PRL 104 (2010) 112003

A.Smirnov V.Smirnov Steinhauser PRL 104 (2010) 112002



Static energy at N4LO

E0(r) = Λs − CFαs(1/r)

r

{

1 +
αs(1/r)

4π
[a1 + 2γEβ0]
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)2 [
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3
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Renormalization group equations
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Static singlet potential and energy at N3LL

Vs(r, µ) = Vs(r, 1/r)−
CFC3

A

6β0

α3
s (1/r)

r

{(

1 +
3

4

αs(1/r)

π
a1

)

ln
αs(1/r)

αs(µ)
(

β1

4β0
− 6c

)[

αs(µ)

π
− αs(1/r)

π

]}

Summed to the ultrasoft contribution at two loops, it provides the static energy at N3LL.



Mass renormalon

The perturbative expansion of Vs is affected by a renormalon ambiguity of order Λ.
This ambiguity does not affect the slope of the potential (and the extraction of αs).

It may be eliminated from the perturbative series

• either by subtracting a (constant) series in αs to Vs and reabsorb it in a redefinition
of the residual mass Λs,

• or by considering the force:

F (r, αs(ν)) =
d

dr
E0(r, αs(ν))

• The force F (r, αs(1/r)) could be directly compared with lattice,
• or integrated and compared with the static energy

E0(r) =

∫ r

r∗

dr′ F (r′, αs(1/r
′))

up to an irrelevant constant fixed by the overall normalization of the lattice data.
Note that there are no ln νr (ν = renormalization scale).



Analysis



Lattice

We use 2+1-flavor lattice QCD obtained from tree-level improved gauge action and
Highly-Improved Staggered Quark (HISQ) action by the HotQCD collaboration.
ms was fixed to its physical value, while ml = ms/20.
This corresponds to a pion mass of about 160 MeV in the continuum limit.

β 7.373 7.596 7.825

r1/a 5.172(34) 6.336(56) 7.690(58)

Volume 483 × 64 644 644

The largest gauge coupling, β = 7.825, corresponds to lattice spacings of a = 0.041 fm.
◦ Bazavov et al PRD 90 (2014) 094503

The lattice spacing was fixed using the r1 scale defined as r2
dE0(r)

dr

∣

∣

∣

∣

r=r1

= 1.0;

r1 = 0.3106± 0.0017 fm from the pion decay constant fπ .
◦ Bazavov et al PoS LATTICE 2010 (2010) 074



Procedure

We use data for each value of the lattice spacing separately, and at the end perform an
average of the different obtained values of αs with the following procedure.

• Perform fits to the lattice data for the static energy E0(r) at different orders of
perturbative accuracy. The parameter of the fits is ΛMS.

• Repeat the above fits for each of the following distance ranges: r < 0.75r1,
r < 0.7r1, r < 0.65r1, r < 0.6r1, r < 0.55r1, r < 0.5r1, and r < 0.45r1.

• Use ranges where the reduced χ2 either decreases or does not increase by more
than one unit when increasing the perturbative order, or is smaller than 1.

• To estimate the perturbative uncertainty of the result, repeat the fits
• by varying the scale in the perturbative expansion, from ν = 1/r to ν =

√
2/r

and ν = 1/(
√
2r),

• by adding/subtracting a term ±(CF /r2)αn+2
s to the expression at n loops.

Take the largest uncertainty.



Data ranges
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χ2/d.o.f. for β = 7.825

æ

æ

æ

æ

à
à

à

à

ì ì

ì
ì

ò ò
ò ò

ô ô
ô ô

ç ç ç çá á á á

r<0.75r1r<0.75r1
r<0.7r1r<0.7r1
r<0.65r1r<0.65r1
r<0.6r1r<0.6r1
r<0.55r1r<0.55r1
r<0.5r1r<0.5r1
r<0.45r1r<0.45r1

ææ
àà
ìì
òò
ôô
çç
áá

tree level 1 loop 2 loop 3 loop
0

5

10

15

0

5

10

15

Χ
2
�d

.o
.f

.

Β=7.825-- Nref=7

æ

æ

æ

æ

à
à

à

à

ì ì
ì

ì

ò ò
ò ò

ô ô
ô ô

ç ç ç çá á á á

r<0.75r1r<0.75r1
r<0.7r1r<0.7r1
r<0.65r1r<0.65r1
r<0.6r1r<0.6r1
r<0.55r1r<0.55r1
r<0.5r1r<0.5r1
r<0.45r1r<0.45r1

ææ
àà
ìì
òò
ôô
çç
áá

tree level 1 loop 2 loop 3 loop
0

5

10

15

0

5

10

15

Χ
2
�d

.o
.f

.

Β=7.825-- Nref=8

æ
æ

æ

æ

à
à

à
à

ì ì

ì
ì

ò ò
ò ò

ô ô
ô ô

ç ç
ç ç

á á á á

r<0.75r1r<0.75r1
r<0.7r1r<0.7r1
r<0.65r1r<0.65r1
r<0.6r1r<0.6r1
r<0.55r1r<0.55r1
r<0.5r1r<0.5r1
r<0.45r1r<0.45r1

ææ
àà
ìì
òò
ôô
çç
áá

tree level 1 loop 2 loop 3 loop
0

5

10

15

0

5

10

15

Χ
2
�d

.o
.f

.

Β=7.825-- Nref=9

Fits for r < 0.6r1 are acceptable. In the final result we will use only fits for r < 0.5r1.
The fitting curve has been normalized on the 7th, 8th and 9th lattice point respectively.



aΛMS at different orders of perturbative accuracy forβ = 7.825
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r1ΛMS at three-loop accuracy
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The band shows the determination of 2012.



Statistical error vs perturbative error
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The statistical error is estimated by taking values of ΛMS at one χ2 unit above minimum.



Analysis with the force
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The band shows the determination of 2012.



The counting of the ultrasoft contributions
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Leading-ultrasoft resummation included along with the three-loop terms is consistent
with the observed size of the terms. This goes in our final result.
We chose µ = 1.26r−1

1 ∼ 0.8 GeV, for the ultrasoft factorization scale.
Variations of µ only produce small effects on the results.



Short-distance points vs long-distance points
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Looking for condensates
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⋆ = r3 monomial

By repeating the fits adding a monomial term proportional to r3 and r2, which could be
associated with gluon and quark local condensates, and also a term proportional to r,
we do not find evidence for a significant non-perturbative term at short distances and the
value of ΛMS remains unchanged.



Results



ΛMS

Results at three-loop plus leading-ultrasoft resummation for the r < 0.5r1 fit range.
The final result is the weighted average of different βs with linearly added errors.

r1ΛMS = 0.495+0.028
−0.018 which converts to ΛMS = 315+18

−12 MeV



Static energy vs lattice data
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r1ΛMS = 0.495+0.028
−0.018

Perturbation theory agrees with lattice data up to about 0.2 fm.



Static energy at different perturbative orders vs lattice data
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Lattice data with β from 6.664 to 7.825 are displayed.
The red error bars correspond to the errors of the lattice data (include normalization).



Force vs lattice data
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αs

αs(1.5 GeV, nf = 3) = 0.336+0.012
−0.008

which corresponds to

αs(MZ , nf = 5) = 0.1166+0.0012
−0.0008

from four-loop running, mc = 1.6 GeV and mb = 4.7 GeV.



Comparison with other determinations

◦ Shintani 2016



Outlook

• Not all of the presently available perturbative information has been used. More
precise lattice data on finer lattices and with more data points at short distances
could take advantage of it.

• It would be important, in order to reduce possible systematic effects, to perform the
same study on Wilson loops computed on different lattices with different actions.

• A possible systematic effect is due to the finite lattice spacing. A continuum
extrapolation would reduce this effect and allow for a precise determination of the
force between static charges along the same lines developed by Necco and
Sommer (2001) for the quenched case.

• Compute the force directly from the lattice:

F (r) = − lim
T→∞

〈

TrP r̂ · gE(t, r) exp
{

ig
∮

r×T
dzµ Aµ

}〉

〈

TrP exp
{

ig
∮

r×T
dzµ Aµ

}〉
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