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HLbL
• Dispersive methods - state of the art (see Peter’s talk) [Colangelo, Hoferichter, Procura, Stoffer 

arXiv:1402.7081v2, arXiv:1506.01386v2] 

• Lattice - state of the art (see Taku’s talk) 

  Dispersive methods - control of systematics 

• RBC/UKQCD method(s) [Blum et al. ’15, arXiv:1509.08372v1, Jin et al. ’15 arXiv:1510.07100v1]

 Prospects for reducing FV effects? 

  Dispersive + lattice: 

➡ Mainz Method - see Jeremy's slides [Green et al. ’15 arXiv:1507.01577v1, arXiv:1510.08384v1] 

➡ Alternative approaches 

  Both RBC&Mainz methods: relevance and timeline for the disconnected contributions?

arXiv:1402.7081v2
http://arxiv.org/abs/1506.01386v2
http://arxiv.org/abs/1509.08372
http://www.apple.com
http://arxiv.org/abs/1507.01577v1
http://arxiv.org/abs/1510.08384


HVP
• Introduction (see Christoph’s talk) 

  Light Contribution [ETMC ’14, HPQCD ’16, Bali&Endrodi ’15, …] 

  Finite volume effects   [Mainz ’11, Mainz ’13, BMW:lattice ’14, Aubin et al., ’16] 

  Isospin breaking effects  

  Disconnected contribution [Mainz: lattice ’14, ETMC ’14, HPQCD/TCD ’15, RBC-UKQCD ’15, BMW: 
lattice ’15…] 

• Fit and moment based methods - systematics 

• Strange and charm contribution [ETMC ’14, HPQCD ’14, RBC-UKQCD ’16]

Disclaimer: List of references is here for illustration of recent activity in the 
community (in the past 1-2y) and probably incomplete. Apologies to all of those who 
are (unintentionally) omitted. 



Goals for the next years

 HVP: how to achieve <1% precision, and should we stop there? 

 HLbL: how to achieve <10% precision, and should we stop there? 

 Future prospects from dispersive methods 

 Are we ready for a FLAG(-like) report on hadronic contributions to g-2?  

Combining lattice and experimental data 



Muon g-2 Hadronic Vacuum Polarization

Christoph Lehner (BNL)
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Overview of first-principles lattice QCD results
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A closer look at the NLO FV ChPT prediction (1-loop sQED):

We show the partial sum
P

T

t=0 wt

C (t) for di↵erent geometries and
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From Aubin et al. 2015 (arXiv:1512.07555v2)

FIG. 4: Comparison of �A1(q̂
2
) � �A1(q̂

2
) between MILC asqtad lattice data (blue points) and

lowest-order SChPT (red points).

the continuum limit. However, the slopes are also vastly di�erent, and this is a physical
e�ect, already observed in Ref. [12]. The slope of the vacuum polarization at low q2 is
dominated by the � resonance, but this resonance (and others) are absent in Eq. (2.12).16

Despite these di�erences, there are useful lessons to be learned from Fig. 3. The sub-
tracted value �A1(q̂

2) is an order of magnitude closer to the infinite-volume points than the
unsubtracted value, �A1(q̂

2). Clearly, the lesson is that one should carry out the subtrac-
tion (2.6) (at least for the A1 representation). This was already observed empirically in
Ref. [22], and we see here that this observation is theoretically supported by ChPT. Fur-
thermore, we see that �A1(q̂

2) and �A44
1

(q̂2) straddle the infinite-volume result, suggesting
that also in lattice QCD the true value of �(q2) lies in between these two.17

Of course, one would like to test whether these lessons from lowest-order SChPT also
apply to the actual lattice data. While no lattice data are available in infinite volume,
it is possible to compare finite-volume di�erences predicted by SChPT to such di�erences
computed from the lattice data. In Fig. 4 we show the di�erence �A1(q̂

2) � �A1(q̂
2) in the

low-q̂2 region, both on the lattice and computed in lowest-order SChPT. This di�erence is a
pure finite-volume e�ect. Clearly, SChPT does a very good job of describing the lattice data,
with all red points within less than 1� of the blue points. This is remarkable, especially in
view of the fact that lowest-order SChPT does such a poor job of describing the full lattice
data for �A1(q̂

2), as we noted above.

16
This observation of Ref. [12] has led to the ubiquitous use of vector-meson dominance to parametrize the

vacuum polarization, before model-independent methods started to be explored [4, 19–21].

17
�r(q̂2

) for r 2 {T1, T2, E} also lies below the infinite-volume result close to �A44
1

(q̂2
), according to ChPT.

10

FIG. 5: Comparison of �A1(q̂
2
) � �A44

1
(q̂2

) between MILC asqtad lattice data (blue points) and
lowest-order SChPT (red points).

We may also consider di�erences between di�erent representations, which also probes the
size of finite-volume e�ects. In Fig. 5 we show the di�erence �A1(q̂

2) � �A44
1

(q̂2), for the
lattice data, and computed in SChPT. To extract �A44

1
(q̂2) from �µ⌫(q̂) we need at least one

spatial component of the momentum to not vanish, implying that q̂2 � 4�2/L2 = 0.108 GeV2

for these points. All observations made above about the di�erence �A1(q̂
2) � �A1(q̂

2) apply
here as well, with the di�erence between lattice data and ChPT now averaging about 1�.
We note the di�erence of scale on the vertical axis between Figs. 4 and 5, consistent with
the fact that both �A1(q̂

2) and �A44
1

(q̂2) are much closer to the infinite-volume limit than
�A1(q̂

2). We find that the pattern is very similar for other representations.

B. E�ects on aHVP
µ

Finally, while it is already clear that there are significant finite-volume e�ects in the
vacuum polarization, we consider the question of how they propagate to the anomalous
magnetic moment itself. We will, in fact, compare the quantity aLO,HVP

µ [q̂2
max] with the

choice q̂2
max = 0.1 GeV2, in order to be certain that di�erences are due to finite volume, and

not to lattice spacing e�ects.18

We fit the data for �A1 and �A44
1

with a [0, 1] Padé [19], or a quadratic conformally
mapped polynomial [20] (both are three-parameter fits), on a low-q2 interval, looking for the
number of data points in the fit that gives the highest p-value. We then compare the results.

18
More than 80% of aLO,HVP

µ comes from the momentum region below 0.1 GeV

2
[20].

11

MILC lattice data with m⇡L = 4.2, m⇡ ⇡ 220 MeV; Plot di↵erence of ⇧(q2) from di↵erent irreps of 90-degree

rotation symmetry of spatial components versus NLO FV ChPT prediction (red dots)

While the absolute value of aµ is poorly described by the two-pion
contribution, the volume dependence may be described su�ciently
well to use ChPT to control FV errors at the 1% level; this needs
further scrutiny
Aubin et al. find an O(10%) finite-volume error for m⇡L = 4.2
based on the A1 � A44

1 di↵erence (right-hand plot)
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Compare di↵erence of integrand of 48 ⇥ 48 ⇥ 96 ⇥ 48 (spatial) and
48 ⇥ 48 ⇥ 48 ⇥ 96 (temporal) geometries with NLO FV ChPT
(A1 � A44

1 ):
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It may be worth verifying that the O(10%) finite-volume error
estimate from Aubin et al. was not spoiled by a
backwards-propagating ⇢:
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Forward hadronic light-by-light sca�ering

(Phys. Rev. Le�. 115, 222003 (2015) [1507.01577]; proceedings of La�ice 2015 [1510.08384])

Dispersion relations exist between

Mhad
⇣
� ⇤ (Q1)�

⇤ (Q2) ! � ⇤ (Q1)�
⇤ (Q2)

⌘
and �

⇣
� ⇤ (Q1)�

⇤ (Q2) ! hadrons
⌘

Evaluate fully-connected contribution
toM on the la�ice using sequential
propagators, for fixed Q2

1 , with
arbitrary Q2

2 and � ⌘ �Q1 · Q2.
(points)

Use a phenomenological model for �
with meson resonances and �+��
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Eight forward amplitudes; (2,2)-disconnected diagrams
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FIG. 2: Our results for the connected u/d contribution to
aHVP,LO
µ as a function of the u/d quark mass (expressed as

its deviation from the physical value in units of the tuned s
quark mass). The lower curve shows our uncorrected data;
the upper curve includes correction factors discussed in the
text and is used to obtain the final result. Data come from
simulations with lattice spacings of 0.15 fm (purple triangles),
0.12 fm (blue circles), and 0.09 fm (red squares). The gray
bands show the ±1� predictions of our model (Eq. (7)) after
fitting it to the data. The dotted lines show the results from
the fitting function for each lattice spacing (colored as above)
and extrapolated to zero lattice spacing (black). The �2 per
degree of freedom was 0.9 and 0.6 for the upper and lower
fits, respectively.

Our corrected results are plotted in Figure 2, together
with the results without corrections (labeled “raw”). The
corrected results are nearly independent of m

`

, as ex-
pected. Residual dependence comes from other hadronic
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Our corrected results are plotted in Figure 2, together
with the results without corrections (labeled “raw”). The
corrected results are nearly independent of m

`

, as ex-
pected. Residual dependence comes from other hadronic
channels in the vacuum polarization beyond the ⇡

+
⇡

�

and ⇢ contributions. The corrected results also show
smaller a

2 and volume dependence, as is particularly
clear from the points for �m

`

/m

s

just above 0.05.
The final step in our analysis is to fit the corrected

results from our 10 ensembles to a function of the form

a

HVP,LO
µ

✓
1 + c

`

�m

`

⇤
+ c

s

�m

s

⇤
+ c̃

`

�m

`

m

`

+ c

a

2
(a⇤)2

⇡

2

◆

(6)

where �mf ⌘ mf � m

phys
f , and ⇤ ⌘ 5m

s

is of order the
QCD scale (0.5GeV). The fit parameters have the fol-
lowing priors:

c

`

= 0(1) c

s

= 0.0(3) c̃

`

= 0.00(3) c

a

2 = 0(1) (7)

together with prior 600(200)⇥10�10 for a

HVP,LO
µ

. This fit
corrects for mis-tuned quark masses and the finite lattice
spacing. More details are given in the supplements.

Our final result from the fit for the connected contri-
bution from u/d quarks is a

HVP,LO
µ

= 598(6)(8) ⇥ 10�10,
where the first error comes from the lattice calculation
and fit and the second is due to missing contributions

TABLE III: Error budget for the connected contributions
to the muon anomaly aµ from vacuum polarization of u/d
quarks.

aHVP,LO
µ (u/d)

QED corrections: 1.0%
Isospin breaking corrections: 1.0%

Staggered pions, finite volume: 0.7%
Noise reduction (t⇤): 0.5%

Valence m` extrapolation: 0.4%
Monte Carlo statistics: 0.4%
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Hadronic LO running of electroweak couplings [JHEP 1511 (2015) 215]
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Hadronic LO contribution to lepton anomalous magnetic moments from twisted

mass lattice QCD at physical pion mass [arXiv:1507.05068]
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(bottom)
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g � 2 @ ETMC outlook and plans

HVP analysis at physical pion mass with Nf = 2 tmLQCD and L ⇡ 6 fm,
mPS · L ⇡ 4 (under production)

HVP analysis at physical pion mass with Nf = 2 + 1 + 1 tmLQCD (tuning
stage)

transition form factors for dispersive approach with Nf = 2 + 1 + 1 tmLQCD
(part of the Bonn lattice scattering analysis program, running)
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