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⬆

�md(s)…

Lattice QCD

Experiment vs. SM theory:

(experiment) = (known) x (CKM factor) x (had. matrix element)

⬆
parameterize the ME in 
terms of form factors, 
decay constants, bag 

parameters, ...

3

example:

Motivation

d�(B ! ⇡`⌫)

dq2
,
d�(B ! K`+`�)

dq2
, . . .

d�(B ! D`⌫)

d!
,
d�(B ! D⌧⌫)

d!
, . . .

B+ ! K+ `+`�

B+ K+

`+

`�

Qi
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B ! ⇡`⌫

d

B0

b̄ ū

⇡�

W

µ+

⌫µ

d�(B!⇡`⌫)
dq2 = (known)⇥ |Vub|2 ⇥

��f+(q2)
��2

Semileptonic B-meson decay to light hadrons

Example:

★ shape for semileptonic B decays: 

     use z-expansion for model-independent parameterization of q2 dependence
★ calculate the complete set of form factors,                    and           with LQCD. f+(q

2), f0(q
2) fT (q

2)
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Z, �

WB+ K+

`+

`�

Rare semileptonic B decay

He↵ = �4GFp
2
V ⇤
tqVtb

X

i

Ci(µ)Qi + . . .

B+ K+

`+

`�

Qi

Parameterize the amplitude in terms of the three form factors               :f+,0,T (q
2)

A(B ! P ``) ⇠ Ce↵
7 fT + (Ce↵

9 + C10)f+ + nonfactorizable terms

more on these later
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Form factors for B ! K ``
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HPQCD (arXiv:1306.0434, 
1306.2384, PRL 2013)

FNAL/MILC  
(arXiv:1509.06235, PRD 2016)

Two LQCD calculations (on overlapping ensemble sets, different valence actions):  
   HPQCD (NRQCD b + HISQ), FNAL/MILC (Fermilab b + asqtad) 
consistent results for all three form factors  
also consistent with LCSR (Khodjamarian et al, arXiv:1006.4945, JHEP 2010) 
Note: First LQCD calculation of                          form factors (10 total)  
(Detmold and Meinel, arXiv:1602.01399, PRD 2016) 
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Form factors for B ! K ``
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Form factors for B ! ⇡ ``

Two independent calculations (RBC, FNAL/MILC): consistent results for f0, f+  
Shape of f+  agrees with experiment and uncertainties are commensurate 
Fit lattice form factors together with experimental data to determine |Vub| and 
improved form factors (f+, f0 ) 
First calculation of fT (FNAL/MILC)

RBC (arXiv:1501.05373, PRD 2015)
FNAL/MILC (arXiv:1503.07839, PRD 2015)

created by R. Van de Water

(1
−
q2
/M

2 B
∗
)f

T

q2 2

FNAL/MILC  (arXiv:1507.01618, PRL 2015)

(1� q2/M2
B⇤)fT
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Form factors for B ! ⇡ ``
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FNAL/MILC (arXiv:1503.07237, PRD 2015)
HPQCD (arXiv:1505.03925, PRD 2015)

Form factors can be used to calculate the CKM free ratio:
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Form factors forB ! D `⌫, ` = e, µ, ⌧

R(D) ⌘ B(B ! D⌧⌫⌧ )

B(B ! D`⌫)

Two LQCD calculations 
(FNAL/MILC, HPQCD) 
  

Combined fit to LQCD form 
factors and BaBar data.  
  

LQCD form factor 
uncertainties  (~1.2%) 
smaller than experiment.
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Neutral B mixing

12

B0

b̄

W

u, c, t

W

ū, c̄, t̄

B0

d̄

d b

B0

b̄

B0

d̄

d b

also:

⇠ ⌘ fBs

p
BBs

fBd

p
BBd

�Ms
�Md

= mBs
mBd

⇥
���Vts
Vtd

���
2
⇥ ⇠2 with

SM:

��q =

h
G1 h ¯B0

q |O1|B0
q i+G3 h ¯B0

q |O3|B0
q i
i
cos�q +O(1/mb)

�Mq = (known)⇥ |V ⇤
tqVtb|2 ⇥ h ¯B0

q |O1|B0
q i

Oi

Standard Model
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B0

b̄

W

u, c, t

W

ū, c̄, t̄

B0

d̄

d b

B0

b̄

B0

d̄

d b

Standard Model

Oi

In general : 
O1 = (b̄��µLq

�) (b̄⇥�µLq
⇥)

O2 = (b̄�Lq�) (b̄⇥Lq⇥)

O3 = (b̄�Lq⇥) (b̄⇥Lq�)

O4 = (b̄�Lq�) (b̄⇥Rq⇥)

O5 = (b̄�Lq⇥) (b̄⇥Rq�)

SM: BSM: 

He↵ =
5X

i=1

ci(µ)Oi(µ)

Recent and ongoing LQCD calculations of K, D, and B mixing quantities 
now include results for hadronic matrix elements of all five operators. 

Neutral B mixing
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Neutral B mixing
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FNAL/MILC (arXiv:1602.03560)

new LQCD calculation by FNAL/MILC (Fermilab b + asqtad) 
significant reduction of errors, especially for ξ   
first three flavor LQCD result for all five matrix elements
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Neutral B mixing
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ETM (nf=2, arXiv:1308.1851, JHEP 2014)  vs. FNAL/MILC (nf=3, arXiv:1602.03560) 

LQCD calculation by FNAL/MILC (Fermilab b + asqtad) 
significant reduction of errors, especially for ξ   
first three flavor LQCD results for all five matrix elements
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fBs/fB

fBs

fB

FB!D⇤
(1)

GB!D(1)

fB!⇡
+ (q2)

⇠

R(D)

Summary of recent progress

17

errors (in %) (preliminary) FLAG-3 averages + new results 

form factors for                    at nonzero recoil by  
FNAL/MILC  (Bailey et al,arXiv:1503.07237, PRD 2015) 
HPQCD (Na et al,arXiv:1505.03925, PRD 2015)

B ! D `⌫

Semileptonic decays
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+ (q2)
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errors (in %) (preliminary) FLAG-3 averages + new results 

form factors for                    at nonzero recoil by  
FNAL/MILC  (Bailey et al,arXiv:1503.07237, PRD 2015) 
HPQCD (Na et al,arXiv:1505.03925, PRD 2015)

B ! D `⌫

                    
HPQCD (Bouchard, et al, arXiv:1306.0434;1306.2384,  
PRL 2013, 1406.2279, PRD 2014; arXiv:1510.07446, PRD 2016) 
RBC/UKQCD (Flynn et al, arXiv:1501.05373, PRD 2015)  
FNAL/MILC  (Bailey et al, arXiv:1503.07839, PRD 2015; 
                  arXiv:1507.01618, 2015 PRL; 1509.06235, PRD 2016;  
                  Du et al, arXiv:1510.02349, PRD 2016)

B ! ⇡ `⌫, Bs ! K `⌫, B ! ⇡ ``, B ! K ``,

Semileptonic decays
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fBs/fB
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                                and 
(Detmold et al, arXiv:1503.01421, PRD 2015;  
  arXiv:1602.01399, PRD 2016)

⇤b ! p/⇤b ! ⇤c ⇤b ! ⇤ ``

                    
HPQCD (Bouchard, et al, arXiv:1306.0434;1306.2384,  
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RBC/UKQCD (Flynn et al, arXiv:1501.05373, PRD 2015)  
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Theory uncertainties are commensurate with experimental errors
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fBs/fB

fBs

fB

FB!D⇤
(1)

GB!D(1)

fB!⇡
+ (q2)

⇠

R(D)

Summary of recent progress

21

errors (in %) (preliminary) FLAG-3 averages + new results 

First calculation of all five MEs with nf=3 by  
FNAL/MILC (Bazavov et al,arXiv:1602.03560)

B meson mixing



A. El-Khadra EFT and LGT, 18-21 May 2016

Motivation and introduction  
• for BSM focus (mostly) on loop processes 

LQCD results for  

• semileptonic B meson form factors 

• neutral B meson mixing matrix elements 

• summary of recent progress 
  

Phenomenology 

• SM pre/post-dictions 

• CKM unitarity & BSM implications 

• Lepton Flavor Universality 

Conclusions & Outlook

22



A. El-Khadra EFT and LGT, 18-21 May 2016 23

Rare semileptonic B decay

• at low recoil (high q2) use OPE (Grinstein&Pirjol, hep-ph/0404250, PRD 2004; others): 
expand in  
 
                                                              + quark-hadron duality violations     

                                                                     (Beylich et al, arXiv:1101.5118, EPJC 2011) 

• at high recoil (low q2) use SCET:   
EP ~ mb/2, expand in  
 

1/q2 ⇠ 1/m2
b

⇤/MB

Nonfactorizable contributions:

hP ``|Q
i

(y)|Bi ⇠ ū

`

�

µ

v

`

Z
d

4
x e

iq(x�y)hP |TJµ

em(x)Qi

(y)|Bi

hP ``|Qi|Bi ⇠ f+,0,T

hP ``|Qi|Bi ⇠ f+,0,T + �B ? T ? �P

hard ~ mb2 hard collinear ~ Λ mb2
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FNAL/MILC (arXiv:1509.06235, 2016 PRD)
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TABLE III. Correlations between BCL coe�cients for fT with
those for f

+

and f
0

from Table XIX of Ref. [1], which include
experimental shape information from B ! ⇡`⌫ decay.

⇢ bT
0

bT
1

bT
2

bT
3

b+
0

0.514 0.140 0.078 0.065
b+
1

0.111 0.221 �0.010 �0.049
b+
2

�0.271 �0.232 �0.012 0.029
b+
3

�0.204 �0.215 �0.013 0.023
b0
0

0.243 �0.015 �0.025 �0.024
b0
1

0.005 0.134 0.070 0.057
b0
2

�0.002 �0.034 �0.032 �0.030
b0
3

�0.044 �0.061 0.005 0.017

decay B ! ⇡`⌫, one can use experimental measurements
of this process to constrain the shape of f

+

(q2), especially
at low q2. In Ref. [1], we obtain the CKM element |Vub|
from a combined z fit to our lattice-QCD results for f

+

and f
0

and measurements of ⌧Bd�(B ! ⇡`⌫)/dq2 from
BaBar [50, 51] and Belle [52, 53]. This joint fit also yields
the most precise current determinations of f

+

and f
0

. To
enable them to be combined with the results for fT from
Table II, Table III provides the correlations between the
z-expansion coe�cients for all three form factors. The
correlations are small, because f

+

contains independent
experimental information.

Using fT from this work and f
+

and f
0

just described,
we show the Standard-Model partial branching fractions
for B ! ⇡`+`� in Fig. 3. Other ingredients are needed
besides the form factors. We take the Wilson coe�cients
from Ref. [27], the CKM elements from Ref. [55], the me-
son masses and lifetimes from Ref. [43], and the b- and
c-quark masses from Ref. [7]. To calculate contributions
that cannot be parameterized by the form factors, we em-
ploy QCD factorization at low q2 [56–64] and an operator
product expansion (OPE) in powers of E⇡/

p
q2 at large

q2 [65–72]. Full details will be provided in Ref. [73].
Table IV presents numerical predictions for selected

q2 bins. The last error in parenthesis contains e↵ects
of parametric uncertainties in ↵s, mt, mb, mc; of miss-
ing power corrections, taking 10% of contributions not
directly proportional to the form factors; and of vio-
lations of quark-hadron duality, estimated to be 2% at
high-q2 [70]. At low q2, the uncertainty predominantly
stems from the form factors; at high q2, the CKM ele-
ments |V ⇤

tdVtb| and form factors each contribute similar
errors. Figure 3 and Table IV represent the second main
result of this Letter.

In the regions q2 . 1 GeV2 and 6 GeV2 . q2 .
14 GeV2, uū and cc̄ resonances dominate the rate. To
estimate the total BR, we simply disregard them and in-
terpolate linearly in q2 between the QCD-factorization
result at q2 ⇡ 8.5 GeV2 and the OPE result at
q2 ⇡ 13 GeV2. While this treatment does not yield
the full branching ratio, it does enable a comparison
with LHCb’s published result, BR(B+ ! ⇡+µ+µ�) =

dB dq
2

(`
=
⌧
)

q2 2

⇢,!,� J/  0
dB dq

2

(`
=

e,
µ
)

[1
0�

9
�
2
]

�

b

FIG. 3. (color online) Partial branching fractions for B+ !
⇡+µ+µ� (upper panel) and B+ ! ⇡+⌧+⌧� (lower panel) out-
side the resonance regions. Di↵erent patterns (colors) show
the contributions from the main sources of uncertainty; those
from the remaining sources are too small to be visible. For
B+ ! ⇡+µ+µ�, new measurements from LHCb [54], which
were announced after our paper appeared, are overlaid.

TABLE IV. Standard-Model predictions for B+ ! ⇡+`+`�

partial branching fractions. Those for B0 decays can be ob-
tained by multiplying by the lifetime ratio (⌧B0/⌧B+)/2 =
0.463. Errors shown are from the CKM elements, form fac-
tors, variation of the high and low matching scales, and the
quadrature sum of all other contributions, respectively.

[q2
min

, q2
max

] 109 ⇥ BR(B+ ! ⇡+`+`�)
(GeV2) ` = e, µ ` = ⌧
[0.1, 2.0] 1.81(11,24,6,2)
[2.0, 4.0] 1.92(11,22,6,3)
[4.0, 6.0] 1.91(11,20,6,3)
[6.0, 8.0] 1.89(11,18,5,3)
[15, 17] 1.69(10,13,3,5) 1.11(7,8,2,4)
[17, 19] 1.52(9,10,2,4) 1.25(8,8,2,3)
[19, 22] 1.84(11,11,3,5) 1.93(12,10,4,5)
[22, 25] 1.07(6,6,3,3) 1.59(10,7,4,4)
[1, 6] 4.78(29,54,15,6)

[15, 22] 5.05(30,34,7,15) 4.29(26,25,7,12)
[4m2

` , 26.4] 20.4(1.2,1.6,0.3,0.5)

23(6)⇥ 10�9 [11], which was obtained from a similar in-
terpolation over these regions. Our result BR(B+ !
⇡+µ+µ�) = 20.4(2.1) ⇥ 10�9 agrees with LHCb, and
is more precise than the best previous theoretical esti-
mate [7] because we use fT directly, which avoids a large
uncertainty from varying the matching scale µ.

Phenomenology for  B ! K,⇡ `+`�
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Experiment vs. Theory 
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FNAL/MILC (arXiv:1509.06235, 2016 PRD)
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TABLE III. Correlations between BCL coe�cients for fT with
those for f

+

and f
0

from Table XIX of Ref. [1], which include
experimental shape information from B ! ⇡`⌫ decay.

⇢ bT
0

bT
1

bT
2

bT
3

b+
0

0.514 0.140 0.078 0.065
b+
1

0.111 0.221 �0.010 �0.049
b+
2

�0.271 �0.232 �0.012 0.029
b+
3

�0.204 �0.215 �0.013 0.023
b0
0

0.243 �0.015 �0.025 �0.024
b0
1

0.005 0.134 0.070 0.057
b0
2

�0.002 �0.034 �0.032 �0.030
b0
3

�0.044 �0.061 0.005 0.017

decay B ! ⇡`⌫, one can use experimental measurements
of this process to constrain the shape of f

+

(q2), especially
at low q2. In Ref. [1], we obtain the CKM element |Vub|
from a combined z fit to our lattice-QCD results for f

+

and f
0

and measurements of ⌧Bd�(B ! ⇡`⌫)/dq2 from
BaBar [50, 51] and Belle [52, 53]. This joint fit also yields
the most precise current determinations of f

+

and f
0

. To
enable them to be combined with the results for fT from
Table II, Table III provides the correlations between the
z-expansion coe�cients for all three form factors. The
correlations are small, because f

+

contains independent
experimental information.

Using fT from this work and f
+

and f
0

just described,
we show the Standard-Model partial branching fractions
for B ! ⇡`+`� in Fig. 3. Other ingredients are needed
besides the form factors. We take the Wilson coe�cients
from Ref. [27], the CKM elements from Ref. [55], the me-
son masses and lifetimes from Ref. [43], and the b- and
c-quark masses from Ref. [7]. To calculate contributions
that cannot be parameterized by the form factors, we em-
ploy QCD factorization at low q2 [56–64] and an operator
product expansion (OPE) in powers of E⇡/

p
q2 at large

q2 [65–72]. Full details will be provided in Ref. [73].
Table IV presents numerical predictions for selected

q2 bins. The last error in parenthesis contains e↵ects
of parametric uncertainties in ↵s, mt, mb, mc; of miss-
ing power corrections, taking 10% of contributions not
directly proportional to the form factors; and of vio-
lations of quark-hadron duality, estimated to be 2% at
high-q2 [70]. At low q2, the uncertainty predominantly
stems from the form factors; at high q2, the CKM ele-
ments |V ⇤

tdVtb| and form factors each contribute similar
errors. Figure 3 and Table IV represent the second main
result of this Letter.

In the regions q2 . 1 GeV2 and 6 GeV2 . q2 .
14 GeV2, uū and cc̄ resonances dominate the rate. To
estimate the total BR, we simply disregard them and in-
terpolate linearly in q2 between the QCD-factorization
result at q2 ⇡ 8.5 GeV2 and the OPE result at
q2 ⇡ 13 GeV2. While this treatment does not yield
the full branching ratio, it does enable a comparison
with LHCb’s published result, BR(B+ ! ⇡+µ+µ�) =

dB dq
2

(`
=
⌧
)

q2 2

⇢,!,� J/  0
dB dq

2

(`
=

e,
µ
)

[1
0�

9
�
2
]

�

b

FIG. 3. (color online) Partial branching fractions for B+ !
⇡+µ+µ� (upper panel) and B+ ! ⇡+⌧+⌧� (lower panel) out-
side the resonance regions. Di↵erent patterns (colors) show
the contributions from the main sources of uncertainty; those
from the remaining sources are too small to be visible. For
B+ ! ⇡+µ+µ�, new measurements from LHCb [54], which
were announced after our paper appeared, are overlaid.

TABLE IV. Standard-Model predictions for B+ ! ⇡+`+`�

partial branching fractions. Those for B0 decays can be ob-
tained by multiplying by the lifetime ratio (⌧B0/⌧B+)/2 =
0.463. Errors shown are from the CKM elements, form fac-
tors, variation of the high and low matching scales, and the
quadrature sum of all other contributions, respectively.

[q2
min

, q2
max

] 109 ⇥ BR(B+ ! ⇡+`+`�)
(GeV2) ` = e, µ ` = ⌧
[0.1, 2.0] 1.81(11,24,6,2)
[2.0, 4.0] 1.92(11,22,6,3)
[4.0, 6.0] 1.91(11,20,6,3)
[6.0, 8.0] 1.89(11,18,5,3)
[15, 17] 1.69(10,13,3,5) 1.11(7,8,2,4)
[17, 19] 1.52(9,10,2,4) 1.25(8,8,2,3)
[19, 22] 1.84(11,11,3,5) 1.93(12,10,4,5)
[22, 25] 1.07(6,6,3,3) 1.59(10,7,4,4)
[1, 6] 4.78(29,54,15,6)

[15, 22] 5.05(30,34,7,15) 4.29(26,25,7,12)
[4m2

` , 26.4] 20.4(1.2,1.6,0.3,0.5)

23(6)⇥ 10�9 [11], which was obtained from a similar in-
terpolation over these regions. Our result BR(B+ !
⇡+µ+µ�) = 20.4(2.1) ⇥ 10�9 agrees with LHCb, and
is more precise than the best previous theoretical esti-
mate [7] because we use fT directly, which avoids a large
uncertainty from varying the matching scale µ.

Phenomenology for  B ! K,⇡ `+`�

 0

 0.1

 0.2

 0.3

 0.4

 0.5

 0.6

 0  4  8  12  16  20  24

d
B
l
 /

 d
q

2
 [

1
0

-7
/ 

G
eV

2
]

q
2
 [GeV

2
]

J/ψ ψ (2S) Belle
BABAR
CDF
LHCb [14]
LHCb [15]

HPQCD (arXiv:1306.0434, 2013 PRL)

Experiment vs. Theory 

LQCD prediction 



A. El-Khadra EFT and LGT, 18-21 May 2016 26

Phenomenology for  B ! K,⇡ `+`�

Experiment vs. theory  
• LHCb data + FNAL/MILC form factors 

(arXiv:1509.00414, JHEP 2015;1403.8044, 
JHEP 2014) 

• focus on large bins above and below 
charmonium resonances 

• theory errors commensurate with 
experiment 

• yields  ~1-2𝜎 tensions 

• ⇒ determine |Vtd/Vts,|Vtd|,|Vts|   
or constrain Wilson coefficients
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Phenomenology for  B ! K,⇡ `+`�
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Phenomenology for  

Experiment vs. theory  
• LHCb data + Detmold&Meinel form factors 

(arXiv:1503.07138, JHEP 2015) 
• focus on regions above and below charmonium resonances 
• exp. data lie above SM theory  ~1-3𝜎 tensions

Detmold & Meinel (arXiv:1602.01399, PRD 2016)
19
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FIG. 8. ⇤b ! ⇤ µ+µ� di↵erential branching fraction calculated in the Standard Model, compared to experimental data from
LHCb [28] (black points; error bars are shown both including and excluding the uncertainty from the normalization mode
⇤b ! J/ ⇤ [84]).

hdB/dq2i hFLi hA`
FB

i hA⇤

FB

i hA`⇤
FB

i hK̂
2ssi hK̂

2cci hK̂
4si hK̂

4sci
[0.1, 2] 0.25(23) 0.465(84) 0.095(15) �0.310(18) �0.0302(51) �0.233(19) �0.154(26) �0.009(22) 0.022(22)

[2, 4] 0.18(12) 0.848(27) 0.057(31) �0.306(24) �0.0169(99) �0.284(23) �0.0444(87) 0.031(36) 0.013(31)

[4, 6] 0.23(11) 0.808(42) �0.062(39) �0.311(17) 0.021(13) �0.282(15) �0.059(13) 0.038(44) 0.001(31)

[6, 8] 0.307(94) 0.727(48) �0.163(40) �0.316(11) 0.053(13) �0.273(10) �0.086(15) 0.030(39) �0.007(27)

[1.1, 6] 0.20(12) 0.813(32) 0.012(31) �0.309(21) �0.0027(99) �0.280(20) �0.056(10) 0.030(35) 0.009(30)

[15, 16] 0.796(75) 0.454(20) �0.374(14) �0.3069(83) 0.1286(55) �0.2253(69) �0.1633(69) �0.060(13) �0.0211(80)

[16, 18] 0.827(76) 0.417(15) �0.372(13) �0.2891(90) 0.1377(46) �0.2080(69) �0.1621(66) �0.090(10) �0.0209(60)

[18, 20] 0.665(68) 0.3706(79) �0.309(15) �0.227(10) 0.1492(37) �0.1598(71) �0.1344(70) �0.1457(74) �0.0172(40)

[15, 20] 0.756(70) 0.409(13) �0.350(13) �0.2710(92) 0.1398(43) �0.1947(68) �0.1526(65) �0.1031(97) �0.0196(55)

TABLE VII. Standard-Model predictions for the binned ⇤b ! ⇤ µ+µ� di↵erential branching fraction (in units of 10�7 GeV�2)
and for the binned ⇤b ! ⇤(! p+⇡�)µ+µ� angular observables (with unpolarized ⇤b). The first column specifies the bin ranges
[q2

min

, q2
max

] in units of GeV2.

The uncertainties given for the Standard-Model predictions are the total uncertainties, which include the statistical
and systematic uncertainties from the form factors (propagated to the observables using the procedure explained in
Sec. IV), the perturbative uncertainties, an estimate of quark-hadron duality violations (discussed further below),
and the parametric uncertainties from Eqs. (64), (69), and (70). For all observables considered here (but not for K̂3s

and K̂3sc), the uncertainties associated with the subleading contributions from the OPE (at high q2) are negligible
compared to the other uncertainties. The central values of the observables were computed at the renormalization
scale µ = 4.2 GeV; to estimate the perturbative uncertainties, we varied the renormalization scale from µ = 2.1 GeV
to µ = 8.4 GeV. When doing this scale variation, we also included the renormalization-group running of the tensor
form factors from the nominal scale µ0 = 4.2 GeV to the scale µ, by multiplying these form factors with

✓
↵s(µ)

↵s(µ0)

◆��
(0)

T /(2�
0

)

(72)

(as in Ref. [8]), where �
(0)
T = 2 CF = 8/3 is the anomalous dimension of the tensor current [97], and �0 = (11 Nc �

2 Nf )/3 = 23/3 is the leading-order QCD beta function [98] for 5 active flavors. Even though we did not perform
a one-loop calculation of the residual lattice-to-continuum matching factors for the tensor currents, our estimates of
the renormalization uncertainties in the tensor form factors as discussed in Sec. IV are specific for µ = 4.2 GeV, and
doing the RG running avoids a double-counting of these uncertainties. Note that the contributions of the tensor form
factors to the observables are proportional to 1/q2 (because of the photon propagator connecting O7 to the lepton
current), and are suppressed relative to those from the vector and axial vector form factors at high q2. At low q2,
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FIG. 9. ⇤b ! ⇤(! p+⇡�)µ+µ� angular observables calculated in the Standard Model (for unpolarized ⇤b), compared to
experimental data from LHCb, where available [28] (black points). The observables K̂

3s and K̂
3sc are negligibly small in the

Standard Model and are therefore not shown here.
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theoretically clean

Phenomenology for  
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B0 ! K0,⇡0 ⌫⌫̄
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Motivation and introduction  
• for BSM focus (mostly) on loop processes 

LQCD results for  

• semileptonic B meson form factors 

• neutral B meson mixing matrix elements 

• summary of recent progress 
  

Phenomenology 

• SM pre/post-dictions 

• CKM unitarity & BSM implications 

• Lepton Flavor Universality 

Conclusions & Outlook
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B Mixing and FCNC decays

|Vtd  / Vts |  

0.18 0.19 0.20 0.21 0.22 0.23      

|Vtd |  × 10
3

|Vts |  × 10
3

7 8 9 35 39 43

∆Mq:

this work

PDG

B→K(π)µ
+
µ

−

CKM unitarity:

full

tree

   

   

~2σ  tensions between loop 
processes and CKM unitarity.

FNAL/MILC

D. Du et al (arXiv:1510.02349, PRD 2016)

Blanke & Buras: 
(arXiv:1602.04020, EPJC 2016) 
  
tension between  
inconsistent with CMFV 
(Constrained Minimal Flavor 
Violation) 
   
Buras & De Fazio  
(arXiv:1604.02334): 
implications for “331” models

�Ms,d & ✏K

*

*from CKMfitter 2015 (hep-ph/0406186, http://ckmfitter.in2p3.fr) 
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B ! ⇡`⌫

B ! D`⌫

B ! D⇤`⌫

Exclusive vs. inclusive |Vcb| and |Vub|

~3𝜎 tension between inclusive 
and exclusive |Vcb| and |Vub|

New in 2015: 

• |Vcb| from  
• |Vub| from 
• |Vub/Vcb| from

B ! D`⌫

B ! ⇡`⌫

⇤b ! p`⌫/⇤b ! ⇤c`⌫

A. Kronfeld (priv. communication)
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Laiho, Lunghi & Van de Water (Phys.Rev.D81:034503,2010), E. Lunghi, private comm.
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Laiho, Lunghi & Van de Water (Phys.Rev.D81:034503,2010), E. Lunghi, private comm.

UT analysis 

Significant reduction in the allowed region!
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BSM phenomenology for  B ! K,⇡ `+`�

Constraints on Wilson coefficients (C9, C10)  
  

 New physics contributions modify the Wilson coefficients:  
        
     at the high scale, μ0 = 120 GeV 

 take                using constraints from  
 assume MFV so that  
 assume           are real (no new CP violating phases) 
 take measured                                   in  
 and FNAL/MILC form factors 

  

 add                      constraint with lattice fBs                                

Ci ! Ci + CNP
i

CNP
7,8 = 0 B ! Xs�

Ci(b ! s ``) = Ci(b ! d ``)
CNP

9,10

�B(B ! K,⇡ µ+µ�) �q2 = 1� 6, 15� 22 GeV2

Bs ! µ+µ�
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BSM phenomenology for  B ! K,⇡ `+`�
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D. Du et al (arXiv:1510.02349, PRD 2016)

Constraints on Wilson coefficients (C9, C10)                               
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BSM phenomenology for  B ! K,⇡ `+`�

Constraints on Wilson coefficients (C9, C10)                               

• 2σ tension with the SM 
• favored region 

consistent with 
inclusive constraints 

• competitive with                              
                  constraintsB ! K⇤µµ
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Theoretical framework for weak decays to resonances,  
etc… being developed  
(Briceño et al, arXiv:1406.5965, PRD 2015; Agadjanov et al, arXiv:1605.03386)

Rare B decays using lattice QCD form factors M. Wingate
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� 9
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Figure 3: The likelihood function of a 2-parameter fit to B0 ! K⇤0µ+µ� and Bs ! f µ+µ� experimental
data with q2 > 14.18 GeV2. The Standard Model (SM) value lies just outside the 2s contour.

K⇤ or f . A fully controlled calculation would include scattering states in the analysis. In order
to do so, a much more expensive and complicated set of calculations must be undertaken. The
path forward was set out in a paper which appeared during this conference [14]. Work to study the
spectrum of Kp and Kh states has recently begun [15, 16, 17], marking the first major step toward
a full lattice calculation of B ! K⇤(! Kp) matrix elements. In the interim, the use of our form
factor results comes with the assumption that threshold effects will be small. One might expect
them to be smaller for Bs ! f than for B ! K⇤ since the f is relatively narrow. One might also
note that heavy meson chiral perturbation theory predicts percent-level threshold effects in B ! D⇤

form factors [18, 19] and hope that such is the case for lighter-mass mesons. Nevertheless at least
there is a plan to systematically include this effect in the future.

Perhaps a larger open question regards the extent to which form factors are sufficient to deter-
mine the hadronic contributions to observables. In addition to matrix elements of 2-quark operators
(2.2), there are matrix elements of non-local operators Oi(x) jµ(y), notably where Oi is a 4-quark
b ! s operator which creates a c̄c pair, annihilated at another point by the vector current jµ . It was
expected that these matrix elements would make theoretical predictions unreliable for

p
q2 ⇡ mJ/y

or my 0 . Within the context of an operator product expansion, leading-order contributions from these
non-local operators can be (and, in our work, have been) included [20, 21]. However, contributions
from the y(4160) to the B+ ! K+µ+µ� are larger than anticipated [22] and the same appears to
be true for decays to vector mesons. Understanding nonfactorizable contributions is probably the
most important open issue which theoretical predictions must confront [23].

5. Conclusions

This write-up summarizes our recent calculation of B ! K⇤, Bs ! f , and Bs ! K⇤ form fac-
tors. Here we give a slightly improved set of fits to the form factor shapes, including all four
kinematic constraints and estimates of the more significant correlations between form factor pa-
rameters. Given that this update is only a minor improvement upon our published work and has

6
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Figure 2: Differential branching fractions for B0 ! K⇤0µ+µ� (left), B± ! K⇤±µ+µ� (middle), and Bs !
f µ+µ� (right). Experimental results shown are from [3, 6, 5], respectively.

q2 bin (GeV2) B0 ! K⇤0µ+µ� B± ! K⇤±µ+µ� Bs ! f µ+µ�

[14.18,16.00] 7.8(1.2)⇥10�8 8.4(1.3)⇥10�8 7.7(1.0)⇥10�8

[16.00,19.00] 5.73(79)⇥10�8 6.19(85)⇥10�8 5.14(67)⇥10�8

[14.18,19.00] 6.52(94)⇥10�8 7.0(1.0)⇥10�8 6.11(80)⇥10�8

Table 1: Standard model predictions for branching fractions dB/dq2(GeV�2) in bins of q2.

q2 bin (GeV2) FL AFB S3 P0
4 P0

5
[14.18,16.00] 0.360(42) 0.410(35) �0.160(29) 0.612(17) �0.702(59)
[16.00,19.00] 0.336(25) 0.347(21) �0.230(17) 0.650(08) �0.541(35)
[14.18,19.00] 0.347(32) 0.375(26) �0.198(22) 0.633(12) �0.614(45)

Table 2: Standard model predictions for B0 ! K⇤0µ+µ� angular observables in bins of q2.

q2 bin (GeV2) FL S3 P0
4

[14.18,16.00] 0.382(20) �0.172(13) 0.624(8)
[16.00,19.00] 0.347(12) �0.242(08) 0.659(4)
[14.18,19.00] 0.364(15) �0.209(10) 0.642(5)

Table 3: Standard model predictions for Bs ! f µ+µ� angular observables in bins of q2.

from their Standard Model values (C0
9

SM ⇡ 0). This yields CNP
9 = �1.1 ± 0.5 and C0

9 = 1.2 ± 0.9,
comparable to what we found before [2]. Figure 3 shows a contour plot of the likelihood function
of this fit.

4. Open issues

One uncontrolled approximation in our calculation is that we fit correlation functions using a
single interpolating operator for the vector meson final state, assuming that it corresponds to the

5

BSM phenomenology for  B ! K⇤µ+µ�

Horgan et al (arXiv:1310.3887, PRL 2014; arXiv:1310.3722, PRD 2014, arXiv: 1501.00367)

caveat: K*, 𝜙  treated as stable (narrow width approximation)

B ! K⇡ ``
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Motivation and introduction  
• for BSM focus (mostly) on loop processes 

LQCD results for  

• semileptonic B meson form factors 

• neutral B meson mixing matrix elements 

• summary of recent progress 
  

Phenomenology 

• SM pre/post-dictions 

• CKM unitarity & BSM implications 

• Lepton Flavor Universality 

Conclusions & Outlook
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BSM phenomenology:  LFU  τ/ℓ𝓁
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still need LQCD form factors for B → D* at nonzero recoil for R(D*)
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BSM phenomenology:  LFU  τ/ℓ𝓁
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D. Du et al (arXiv:1510.02349, PRD 2016)
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BSM phenomenology:  LFU  μ/e

 LHCb (arXiv:1406.6482, PRL 2014):

RK = 0.745 (9074)(36)

B ! Kµ+µ�/B ! Ke+e�Lepton universality test:

~2.6 σ  tension between LHCb measurement and SM theory
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BSM phenomenology:  LFU  μ/e

In the SM these ratios are insensitive to the form factors 
(see also C. Bouchard et al, arXiv:1303.0434, PRL 2013)
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 Precise LQCD results for semileptonic form factors for B → π, K, D 
transitions (and Λb→Λ,Λc,p transitions) 
 SM pre/postdictions with errors that are commensurate with 
experimental uncertainties   
  ➠ ~2σ tensions between exp. and SM theory 
 new LQCD results for neutral B meson mixing matrix elements with 
significantly smaller uncertainties  
  ➠ emerging  ~2σ tensions between loop processes and CKM unitarity 
 observed LFU violating effects ~2-4σ level:  

 still need LQCD form factors for B → D* at nonzero recoil 
 also needed for exclusive |Vcb| determination

Summary
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Farah Willenbrock

Thank you!
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Backup slides 
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Introduction to Lattice QCD

use monte carlo methods (importance sampling) to evaluate the integral.

Note: Integrating over the fermion fields leaves det(D +m) in the integrand. The  
          correlation functions, O, are then written in terms of (D+m)-1 and gluon fields.

/
/

1. generate gluon field configurations according to det(D+m) e-S 

2. calculate quark propagators, (D+mq)-1, for each valence quark flavor and source 
point 

3. tie together quark propagators into hadronic correlation functions (usually 2 or 3-
pt functions) 

4. statistical analysis to extract hadron masses, energies, hadronic matrix elements, 
…. from correlation functions 

5. systematic error analysis

steps of a lattice QCD calculation:

/

/

48
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...of lattice spacing, chiral, and finite volume effects is based on EFT 
(Effective Field Theory) descriptions of QCD ➙ ab initio 

The EFT description:  
 provides functional form for extrapolation (or interpolation) 
 can be used to build improved lattice actions/methods 
 can be used to anticipate the size of systematic effects

49

systematic error analysis
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systematic error analysis

50

a (fm) 

L 

L 

a 

x 

discretization effects

discrete space-time ➙ discrete QCD action 

Symanzik EFT:  
p is the typical momentum scale associated with 
for light quark systems, p ~𝛬QCD

hOilat = hOicont +O(ap)n

The form of O(ap)n depends on the details of the lattice action.  

All modern light-quark actions start at n = 2 
(improved Wilson, twisted-mass Wilson, asqtad, HISQ, Domain Wall, Overlap, ...). 

hOi
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•  If we use light quark actions for heavy quarks,  
    discretization errors ~ O(amh)2,     
      with currently available lattice spacings 

for charm  amc ~ 0.15-0.6              and for b:     amb > 1 
   

             need effective field theory methods for b quarks    
             for charm lattice spacings are sufficiently small so that we can use improved  

        light quark methods  

• avoid errors of  (amb)2  by using EFT in the formulation/matching of lattice action/currents: 
✦ relativistic HQ actions (Fermilab, Columbia, Tsukuba) 
✦ HQET 
✦ NRQCD 

or 

•  use the same improved light quark action as for charm (HISQ, twisted mass Wilson, NP imp. 
Wilson, Overlap, ...)   

✦ keep  amh  < 1 
✦ use HQET and/or static limit to extrapolate to the physical b quark mass

systematic error analysis

discretization effects for b quarks

a (fm) 

L 
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Simulations with mlight = 1/2 (mu + md) at the physical u/d quark masses are 
now available, but many results still have  
                                                                mlight  > 1/2 (mu + md)phys  

𝜒PT  can be used to extrapolate/interpolate to the physical point.  
 Can include discretization effects (for example, staggered 𝜒PT)  
 It is now common practice to perform a combined continuum-chiral 

extrapolation/interpolation

52

systematic error analysis

light quark mass effects
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systematic error analysis

finite volume effects

One stable hadron (meson) in initial/final state: 

If L is large enough, FV error  
 keep 

To quantify residual error: 
 include FV effects in CPT  

 compare results at several Ls (with other parameters fixed) 

The story changes completely with two or more hadrons in initial/final state! 
(or if there are two or more intermediate state hadrons) 

m⇡ L & 4

⇠ e�m⇡ L
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systematic error analysis

other effects

ü statistical errors:   from monte carlo integration 
consider/include systematic errors from correlator fit procedure 

ü nf dependence:  realistic sea quark effects:  use nf = 2+1 or nf = 2+1+1
    Note: nf = 2 (effects due to quenching the strange quark appear to be small) 

v renormalization (and matching): 
⇒ with lattice perturbation theory: need to include PT errors 
⇒ nonperturbative methods 
⇒ use absolutely normalized currents where possible
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systematic error analysis

...of lattice spacing, chiral, and finite volume effects is based on EFT 
(Effective Field Theory) descriptions of QCD ➙ ab initio 

The EFT description:  
 provides functional form for extrapolation (or interpolation) 
 can be used to build improved lattice actions/methods 
 can be used to anticipate the size of systematic effects 

To control and reliably estimate the systematic errors  
 repeat the calculation on several lattice spacings, light 

quark masses, spatial volumes, ...
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Vud Vus

Vcd

Vtd

Vub

Vcs Vcb

Vts Vtb

B ➞π 𝓵ν,  Bs ➞K 𝓵ν  

B(s) ➞D(s), D*(s) 𝓵ν 

K ➞π 𝓵ν 
K ➞µνπ ➞µν

D ➞π 𝓵ν 
D ➞𝓵ν Ds ➞𝓵ν

D ➞K 𝓵ν 

B0 �B0 B0
s �B0

s

(⇢, ⌘) K0 �K0

Λb ➞p 𝓵ν 

CKM determinations 

B ➞ π 𝓵𝓵 B ➞ K 𝓵𝓵 
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The z-expansion

for kinematic  
range: |z| < 1. 

z
t

z(t, t0) =

p
t+ � t�

p
t+ � t0p

t+ � t+
p
t+ � t0

t = q2

t± = (mB ±m⇡)
2

f(t) =
1

P (t)�(t, t0)

X

k=0

ak(t0)z(t, t0)
k

The form factor can be expanded as:  

• P(t) removes poles in [t-,t+] 
• The choice of outer function 𝜙 affects the unitarity bound on the ak.  
• In practice, only first few terms in expansion are needed.  

q2
max

= t�

kinematic range [m2
`

, q2
max

]

Bourrely at al (Nucl.Phys. B189 (1981) 157) 
Boyd et al (hep-ph/9412324,PRL 95) 
Lellouch (arXiv:hep- ph/9509358, NPB 96) 
Boyd & Savage (hep-ph/9702300, PRD 97) 
Bourrely at al ( arXiv:0807.2722, PRD 09)
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B meson decay constant summary
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Figure 2: Decay constants of the B and Bs mesons. The values are taken from Table 2 (the
fB entry for FNAL/MILC 11 represents fB+). The significance of the colours is explained in
section ??. The black squares and grey bands indicate our averages in Eqs. (1), (2) and (3).

Figure 3: Ratio of the decay constants of the B and Bs mesons. The values are taken from
Table 3 (the fB entry for FNAL/MILC 11 represents fB+). The significance of the colours is
explained in section ??. The black squares and grey bands indicate our averages in Eqs. (1),
(2) and (3).
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courtesy of  
M. Della Morte  
(HQ working group)

status 
mid 2015

preliminary

preliminary

preliminary

preliminary
0.7%

2.2% 2.2%

 S. Aoki et al (FLAG-2 review, arXiv:1310.8555, FLAG-3 update) 
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SM predictions depend on fB(s) or  B̂Bs

BSM phenomenology Bs(d) ! µ+µ�

CMS+LHCb combined (arXiv:1411.4413, Nature 2015)
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CMS+LHCb combined (arXiv:1411.4413, Nature 2015) and ATLAS (arXiv:1604.04263)

SM predictions depend on fB(s) or  B̂Bs

BSM phenomenology Bs(d) ! µ+µ�

]9− [10)− µ +µ → s
0BB(

0 1 2 3 4 5 6 7

]9−
 [1

0
)− 

µ +
µ 

→ 0
B

B(
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.4

5%

99
.7

3%
ATLAS

-1 = 7 TeV, 4.9 fbs
-1 = 8 TeV, 20 fbs

ATLAS

SM

) = 2.3,Lln(∆Contours for -2 
L6.2, 11.8 from maximum of 

Figure 9: Contours in the plane B(B0s → µ+µ−),B(B0 → µ+µ−) for intervals of −2∆ ln(L) equal to 2.3, 6.2 and
11.8 relative to the absolute maximum of the likelihood, without imposing the constraint of non-negative branching
fractions. Also shown are the corresponding contours for the combined result of the CMS and LHCb experiments,
the SM prediction, and the maximum of the likelihood within the boundary of non-negative branching fractions,
with the error bars covering the 68.3% confidence range for B(B0s → µ+µ−).

13 Conclusions

A study of the rare decays of B0s and B0 mesons into oppositely charged muon pairs is presented, based
on 25 fb−1 of 7 TeV and 8 TeV proton–proton collision data collected by the ATLAS experiment in Run 1
of LHC.

For B0 an upper limit B(B0 → µ+µ−) < 4.2 × 10−10 is placed at the 95% confidence level, based on the
CLs method. The limit is compatible with the predictions based on the SM and with the combined result
of the CMS and LHCb experiments.

For B0s the result is B(B0s → µ+µ−) =
(

0.9+1.1−0.8
)

× 10−9, where the errors include both the statistical and
systematic uncertainties. An upper limit B(B0s → µ+µ−) < 3.0 × 10−9 at 95% CL is placed, lower than
the SM prediction, and in better agreement with the measurement of CMS and LHCb.

A p-value of 4.8% is found for the compatibility of the results with the SM prediction.
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D meson summary
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errors (in %) (preliminary) FLAG-3 averages + new results 

fDs/fD+

fDs

fD+

fDK
+ (0)

fD⇡
+ (0)

B̂i
D

small errors due to 
✦ physical light quark masses (fD(s))  
✦ improved charm-quark action 
✦ ensembles with small lattice spacings 
✦ PCAC or NPR

• First results for D mixing bag parameters  
(all five) of local operators by ETM (2013, 
2014) nf = 2, 2+1+1

• work in progress:  
FNAL/MILC (J. Chang thesis), see backup 
slides


