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Extremely successful for 
1D systems (MPS)
Promising improvements 
for higher dimensions
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time evolution

Non-perturbative for 
Hamiltonian systems

Non-perturbative way of 
solving QFT (QCD)
Mostly path-integral 
formalism & MC

spectrum
finite T
323x64
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Context: quantum many body systems

N

interacting with each 
other

Goal: describe 
equilibrium states

ground, thermal states

{|i�}d�1
i=0

• TNS = Tensor Network States
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WHAT ARE  TNS?

A general state of the N-
body Hilbert space has 

exponentially many 
coefficients

A TNS has only a 
polynomial number 

of parameters

N-legged 
tensor

|�� =
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ij

ci1...iN |i1 . . . iN �

• TNS = Tensor Network States

dN

poly(N)



MPS

|�� =
�

i1...iN

ci1...iN |i1 . . . iN �

•MPS = Matrix Product States



MPS

|�� =
�

i1...iN

tr(Ai1
1 Ai2

2 . . . AiN
N )|i1 . . . iN �

•MPS = Matrix Product States



d

D D

MPS

|�� =
�

i1...iN

tr(Ai1
1 Ai2

2 . . . AiN
N )|i1 . . . iN �

Ai
�⇥

•MPS = Matrix Product States

number of 
parameters

NdD2



d

D D

MPS

|�� =
�

i1...iN

tr(Ai1
1 Ai2

2 . . . AiN
N )|i1 . . . iN �

Ai
�⇥

Area law by construction
A

B

•MPS = Matrix Product States

number of 
parameters

NdD2



d

D D

MPS

|�� =
�

i1...iN

tr(Ai1
1 Ai2

2 . . . AiN
N )|i1 . . . iN �

Ai
�⇥

Area law by construction
A

B
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find ground states 

→ variational search

→ imaginary time evolution

time-dependence → real time evolution

typically faster and 
more precise

also for thermal 
states

works for short 
times or close to 

equilibrium

HAMILTONIAN

produce an 
ansatz for the 

state
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MIXED STATES
•MPO = Matrix Product Operator

Similar problems can be attacked

imaginary time evolution

unitary �(t) = U(t)�(0)U(t)†

non-unitary d�(t)
dt

= L(�)

equilibrium → thermal states

time-dependent → real time evolution

Verstraete et al., PRL 2004
Prosen,  Znidaric PRL 2008
Cai, Barthel, PRL 2013,...
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SCHWINGER MODEL
Simplest gauge theory with matter

Schwinger ’62

confinement → bound states (massive bosons)

fermion condensate  

electrons & photons

A testbench for lattice techniques

QED in 1+1 dimensions

Shows some of the features of full QCD
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Precedents / Related work

TN→extensions

DMRG on Schwinger model
Byrnes et al. PRD 2002

DMRG on ��4

Sugihara NPB 2004

best precision for 
GS, vector

MPS for critical QFT 
Milsted et al. 2013

time evolution, 
finite TMPS for LGT Z2

Sugihara JHEP 2005
Tagliacozzo PRB 2011

TNS for classical gauge models 
Meurice et al. 2013
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Kogut, Susskind ’75
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SCHWINGER MODEL
MPS representation with OPEN BOUNDARIES

| . . . se so se so . . .�� � �

Gauss’ law fixes photon content

all terms 
are local
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SCHWINGER MODEL AS 
TESTBENCH

MCB, Cichy, Jansen, Cirac, JHEP11(2013)158

Relevant states can be described as MPS

Chiral condensate (order parameter of chiral 
symmetry breaking)

Thermal equilibrium states well approximated by MPO
Temperature dependence of chiral condensate

TN allow reliable continuum limit

PoS 2014 arXiv:1412.0596

MCB, Cichy, Cirac, Jansen, Saito, PRD 92, 034519 (2015);
arXiv:1603.05002

see also Buyens et al., PRL 2014; arXiv:1509.00246
Rico et al., PRL 2014; NJP 2014

http://arxiv.org/abs/1509.00246
http://arxiv.org/abs/1509.00246
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