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Power-divergent mixing restricts lattice
calculations to first four moments

Detmold et al., Eur. Phys. J. C 3 (2001) 1
Detmold et al., Phys. Rev. D 68 (2001) 034025
Detmold et al., Mod. Phys. Lett. A 18 (2003) 2681
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Gradient flow: deterministic evolution in new parameter - flow time

Drives fields to minimise action - removes UV fluctuations
Narayanan & Neuberger, JHEP 0603 (2006) 064
Liischer, Commun. Math. Phys. 293 (2010) 899

“bulk” , ®
..

“boundary”

Gradient flow ensures renormalised boundary theory remains finite
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Gradient flow: deterministic evolution in new parameter - flow time

Drives fields to minimise action - removes UV fluctuations

CJM, PoS(Lattice2015) 052

Gradient flow ensures renormalised boundary theory remains finite


http://arxiv.org/abs/1512.00294
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Scalar field theory

~~

0 — — _ -
Eqb(Ta il?) — 62¢<T, LIJ) gb(T:O, 513) = gb(:l:) gb(T) p) = € o gb(p)
CJM & K. Orginos, PRD 91 (2015) 074513

Exact solution possible with Dirichlet boundary conditions

— d4 . 2 2
i) = [t [ AP vy = L [ty iy

167272

Smearing radius Syms = V8T

Interactions occur at zero flow time (i.e. on the boundary)
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Gradient flow in QCD

%
5 Bu(r,2) = Dy (8VB,M — OuBy + By, Bu]) Dy = O+ By, -]
%
57X(1.2) = DiDx(r,9 D=0+ By

Dirichlet boundary conditions

Bu(r = 0,2) = A, () (7 = 0,2) = ()

Tree-level expansion

By (1, 1) = /d4y{KT(:E— Y) v Av (Y) +/OT do Kr— o (2 — y)uw Bu(o, y)}

“Flow propagator”

d4p ez'pm 2
KT(x)/ﬂ/ :/(27T)4 p2 {(5,uup2 _p,upu)e P +pupu}

Liischer & Weisz, JHEP 1102 (2011) 51
Liischer, JHEP 04 (2013) 123
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Directed tree” graphs

B, (T, z)

KT(x)uV

Two-point function

<Ba(T ) B (o, y> B—Q ®—n



Directed tree” graphs

Bu(r,2) o Ap(z)

KT(:E)/Jl/

Two-point function
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Directed tree” graphs

B, (T, z)

KT(x)uV

Two-point function
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Directed tree” graphs

B, (T, z)

KT(:E)/,LI/

Two-point function

(Bi(r,9)Bl(0,1)) =M@ @——>H + B<——=&

(An(@AL))

(Bi(r,2)Bi{o,y) ) =l . - l<—03—>l




Smearing removes power-divergent mixing in the
continuum, at the expense of introducing a new scale

CJM, PoS(Lattice2015) 052
CJM & K. Orginos, PRD 91 (2015) 074513
CJM & K. Orginos, PoS(Lattice2014) 330
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Consider twist-2 operators

ﬁl..-un (:E) — ¢($)8M1 e a,unqb(x) — traces
Example: continuum matrix element

(Q[¢%(0) - $(0)0,0,9(0) | Q) =

On the lattice
Opw
(QA5(0) - HO) T,V 9(0)12) = — 1 + O(a”, 1)
With smeared degrees of freedom
-

(¢ (1,0) - 6(7,0)V,.V, b(r,0) | Q) = +0(a, \)

256772



Modify the operator product expansion
to account for new scale

Dawson et al., Nucl. Phys. B 514 (1998) 313
Detmold & Lin, Phys. Rev. D 73 (2006) 014501
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Wilson’s idea: operator product expansion (OPE) Wilson, Phys. Rev. 179 (1969) 1499

nonlocal operator ~ (perturbative) coefficients x local operators

For example, in free scalar field theory
1 2
$(@)6(0) = 5T+ 6*(0) + O()

[here the OPE is just a Laurent expansion]


http://journals.aps.org/pr/abstract/10.1103/PhysRev.179.1499
http://journals.aps.org/pr/abstract/10.1103/PhysRev.179.1499

Wilson’s idea: operator product expansion (OPE) Wilson, Phys. Rev. 179 (1969) 1499

nonlocal operator ~ (perturbative) coefficients x local operators

For example, in free scalar field theory

o(2)¢(0) =

Interactions modify Wilson coefficients

I+ ¢*(0) + O(z)

47 12

o(2)9(0) =

o (1 + qag log(u2$2) . ) I+ (1 + age 10g(u2x2) .. ) gb2(0, w) + O(z)

... but not their leading-x behaviour

Operator relation

(Q10@d(p1) .- dp)I2) R0 ez, w)(OP (2 1) d(p1) - - - $(pa)|2)
k


http://journals.aps.org/pr/abstract/10.1103/PhysRev.179.1499
http://journals.aps.org/pr/abstract/10.1103/PhysRev.179.1499

Replace local operators

nonlocal operator ~ (perturbative) coefficients x local operators

O(z) "2 epla, OR (0, 1) + ..
k

with locally smeared operators

nonlocal operator ~ (perturbative) coefficients x locally smeared operators

O(x) 23" d(ar 1, 1O (0, 7) + .
k



Replace local operators

nonlocal operator ~ (perturbative) coefficients x local operators

O(z) "2 epla, OR (0, 1) + ..
k

with locally smeared operators

nonlocal operator ~ (perturbative) coefficients x locally smeared operators

x%Ode:c,u, O,u, T)+ ...

Our example

¢(f{5)¢(0) = ar(a, )1+ cga (2, 1) % (0, ) + O(a)

2 (2, 1, 7) (0, 11, 7) + O, 7)



Calculate Wilson coefficients in standard manner:

B(2)$(0) = di(, p, )T+ dz (w, 1, 7)6° (0, 1, 7) + O(, 7)

Rearrange sOPE and work at tree-level and expand to order m”

49(z,7) = {{Q06(2)6(0)|2) — (21620, T>m>

2

[Or graphically] O f
So
4 ik —2K2T B 292 2
©, . [ d'% e*T—c _ 1 o miet ] T
ay (@, 7) = / (2m)t K24+ m? oo ey Ama? {1 3 4 [WE S (87)] }

Compare to the Wilson coefficient in the original OPE
2.2

VS 1 mex w2 z?
c]{%'(g;,,u) = {1—l— 1 [1+27E—|—10g( 6 )]}

Beyond tree-level things get only slightly trickier...




One loop calculation proceeds similarly

4V (@, 7) = {{Q06(@)6(0)]2) — (2/6(0,7)(2) |

[Or graphically]
Thus

(1) A4k, etz _ o=k N [ dYky 1
d (ZC luv ) — 1 = =
(2m)* k{4 m? 2) o)k 4+ m?] o

1 2 méz? 2
= 1= —— —1+log | =
A N L )

O(A,m?)




For the leading connected contribution

45 (@,7) = { {26 (@)9(0)8(p1)d(p2)|2) — (2U6*(0,7)G(p1)(p2)|2) }

O(A,mY)

[Or graphically]

(1) 1 A [ di% e e (B (pi—p))r
d—Q (SU, 7_) — 1 — —
’ BB+ 2 Cnf R+ o) (=i — 2+ 1) f oy



N ( ) 1 . \ f d4k ezkx 6—(k2+(/€—p1—192)2)7'
T,7T) = — =
& (p% + m2)(p2 + m?) { 2 ) (2m)* (k2 + m?)((k— p1 — p2)? + m?) }O(mo)

Derivative:

A/ S I AR G Ly
(2m)* (k? +m?)(¢* + m?)

Convergent: small spacetime limit is well-defined and vanishes if

4 ik-x _ —(k*+q°®)r? x>
lim)\/qu(e - ) _y
) Bt @




N ( ) 1 . \ f d4k ezkx 6—(k2+(/€—p1—292)2)7'
T,7T) = — =
& (p% + m2)(p2 + m?) { 2 ) (2m)* (k2 + m?)((k— p1 — p2)? + m?) }O(mo)

Derivative:

A/ S I AR G Ly
(2m)* (k? +m?)(¢* + m?)

Convergent: small spacetime limit is well-defined and vanishes if

ik q(ethe — e~ (W +a)nta’)
lim )\/
z=0 ) (2m)* (K +m?)(¢® + m?)

=0

Liischer & Weisz, JHEP 1102 (2011) 51
or apply the small flow-time expansion Suzuki, PTEP (2013) 083B03
Makino & Suzuki, PTEP (2014) 063B02

, / d*k g(e** —1)
lim A\
2—0 (2m)4 (k2 4+ m?)(q%> + m?)

=0+ O(7)

¢
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At one loop

dgg)(x, ) =1+

4 4 log (2
3972 | /E A

At two loops

Leading to

AR
3272

2
e — 1 +log | —
ST

dag)(% po7) =1+




Renormalisation group equations for connected Green functions

R T N
d:u ({9Iu AR, MR 8)\R L Tm R@mR o
Then
d _ _
[M@ + NW] (Qor(p1) ... or(pN)|Q2) =0
d .
[u@ = Jap — ’ym] (Q][¢%(0, )] @R (P1) - - - PR (PN)|Q) = 0

Applying

g+ (N+2)1]

to our example OPE
(Qpr(p1) - - SR (PN12)|Q) = g2z, w){(Q] [$%(0, 1)] L PR (P1) - - - SR (1) |Q) + O(2)

we obtain

[u% +2(y+ vm)] cp2(z, 1) =0



For the sOPE we now have two scales

da 4 _d
Pap " HMay ~ Tar

Use the small flow time expansion

[6%(0, 1)) = Z52(1,7)8°(0,7) + O(7)
where

d
W log {252 (M,T)] = 29m

and we define

T d
5= 537108 | Zp0n )]
Eventually we obtain
d d
[M@ T T + 2 (’Y— %2)] 452(%%7) =0

Analogous equations apply to the matrix elements



Summary

Power-divergent mixing restricts lattice calculations to low moments

Smearing removes power-divergent mixing in the continuum,
at the expense of introducing a new scale

Modify the operator product expansion to account for new scale



Summary

1. Power-divergent mixing restricts lattice calculations to low moments

2. Smearing removes power-divergent mixing in the continuum,
at the expense of introducing a new scale

3. Modify the operator product expansion to account for new scale

Looking forward

1. How (im)practical is this, really?
2. Gradient flow sum rules [with Herbert Neuberger]?

3. Other ways to deal with the extra scale?
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Deep inelastic scattering Decompose cross-section

do et
— W,
dQdE’  16m2Q4 W

Hadronic tensor

W (p,q) = — / a4z €% (p, N | [ (@), 40 ()] | . A)

:47r

Express in terms of structure functions F,, F,, g, g,

2

F.@) = [aye (f Q—2> oy ()

¥y H

(Light front) parton distributions universal

fon(2,Q°%) = i/ dy~ e~ P (N[0, y,00)y. Uy, 0)4(0) | N )

AT J_



Relate hadronic tensor to forward Compton amplitude

1
WMV = %Im{T}W}

Operator pIOdUCt CAPdLIdIULL EELICLALED LWIdL  \ULLLICLIdIULL ~ dPILLL) cxpansion

Twist-2 operators dominate in Biorken limit

— <= <=
VY s D oy -+ Dy, 310 — traces

Mellin moments

1
@) = [ daa” (o)

n Il — <= =
2" ) fywPus *+* Puw = 5 (NP) vy Dy -+ D 30| N(P))

Wick rotation of moments is trivial

... however...



“Smearing” partially restores rotational symmetry: suppresses operator mixing

2

L
~
P
)
|
|
~ |

-
4

NI

biv‘ TP

o

Davoudi & Savage, Phys. Rev. D 86 (2012) 054505

Construct operators with improved continuum limits


http://arxiv.org/abs/1204.4146
http://arxiv.org/abs/1204.4146

CJM, PoS(Lattice2015) 052


http://www.youtube.com/watch?v=qeq8QQ7E5KU
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http://arxiv.org/abs/1512.00294
http://arxiv.org/abs/1512.00294

Renormalisation group equation

d R d 5 d
—_— —_— 7—_
a du P L4 dr
For sufficiently small flow times

d

[6°(0)]r = Z42(7, 1)¢*(7,0) gy 08 [Z2(m 7)) = 2,
Perturbative coefficient obeys
d d d 2
[IIL@ — 27'5 + 2(C¢2 — ’7) d¢2 =0 Cng — TE 1Og [Z¢2 (7-7 X )]

Corresponding nonperturbative matrix elements satisfy

g~ 27+ 2 + ) | (G005 =

Following a line of constant physics

[ui fpt 7] (UG (L/ 122, 0)d(p1)B(p2)|2) = 0



Makino & Suzuki, PTEP (2015) 033B08
Makino et al., PTEP (2015) 043B07
AoKi et al., JHEP 1504 (2015) 156
Kikuchi & Onogi, JHEP 1411 (2014) 094

— [69 — (7, ) (7, 2)] PPnd(r, ) ni(r = 0,1) = n'(x)

Gradient flow in 2D 0(3) model

on'(r, z)
oT

n'(r,z) = n'(r,2) for i=1,2  n3(r,2) = /1 — 7i(t, 2)7i(, 7)
Exact solution no longer possible: generate iterative tree-level expansion

2 T .
ni(T, T) = /d2y/ (;1 p2 e'P(7-Y) [6_7p2ni(y) —/ ds e_‘SpgR’(s, y)]
) 0

R'(s,y) = n'(s, y)/ (s, 2)0° 0/ (s, )

Interactions occur in the bulk, i.e. at non-zero flow time, but no closed loops


http://arxiv.org/abs/1410.7538
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http://arxiv.org/abs/1412.8249
http://arxiv.org/abs/1412.8249
http://arxiv.org/abs/1412.8249
http://arxiv.org/abs/1412.8249
http://arxiv.org/abs/1408.2185
http://arxiv.org/abs/1408.2185

Consider

b
m(2)m(0) = ﬁﬂ + bp2m?(7,0) + baux“8MW2(T, 0)+...

One loop calculations (almost) as straightforward as 4D ¢* scalar field theory

Two loops - interactions complicate the picture

. quantum interactions 2. tree interactions but still no flow loops

209 @ X



Lattice determinations: nucleon structure

Meson distribution amplitudes
Martinelli & Sachrajda, PLB 1 (1987) 184

quenched Martinelli & Sachrajda, NPB 306 (1988) 805
unquenched Best et al, PRD 56 (1997) 2743
Nucleon Edwards et al, PRL 96 (2006) 052001

Capitani et al, PRD 86 (2012) 074502

axial charge
Horsley et al, PLB 732 (2014) 41

unpolarised Gockeler et al, PRD 53 (1996) 2317
polarised Gockeler et al, PRD 53 (1996) 2317
higher twist contributions Capitani et al, NPB (Proc. Suppl.) 79 (1999) 179

Y. Zhao, arXiv/1506.08832

transverse momentum distributions
Musch et al, PRD 83 (2011) 094507

generalised parton distributions

Hagler et al, PRL 93 (2004) 112001
Gockeler et al, PRL 92 (2004) 042002

W. Bietenholz et al, PoS LATTTICE(2009) 138
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http://arxiv.org/abs/hep-ph/9906320
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http://arxiv.org/abs/0910.2437
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Nucleon axial charge

1
0 _ e _
(@)a0 = [ dolBa(e) + Ago) Nq(a) = 4:(2) - . (2)
0
il B this work: plateau
.AM\J} 3 1 o = this work: summ.
1.2 s 1}4. - 7
1'_ 3 < i Ne=2| e ETMC 2010
o O8F - L e—w | RBC/UKQCD 2008
A | i : : : :
0.6 = LHPC/MILC — 3 3 ! 3
_ + LHPC/SESAM _ v | LHPC 2010
sl v RBCK i .
- + QCDSF/UKQCD WINPT R R R
0 i e Experiment 1 S— e e [ RBC/UKQCD 2009
0 - . | . | , | . | N A R N S
0 0.2 0.4 0.6 0.8 1 1.1 1.2 13 14
m> (GeV?)

Edwards et al, Phys. Rev. Lett. 96 (2006) 052001 Capitani et al, Phys. Rev. D 86 (2012) 074502


http://arxiv.org/abs/hep-lat/0510062
http://arxiv.org/abs/hep-lat/0510062
http://arxiv.org/abs/hep-lat/0510062
http://arxiv.org/abs/hep-lat/0510062
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Direct determination of PDFs: LaMET

Relate PDFs
de- - X.Ji et al, PRD 91 (2015) 074009
2y _ US  —ixg— Pt (e \~t —ig [S dnT AT (nT) X.Ji, Sc. China (2014)
q(x,u) / A ¢ <PW(§ )7 ¢ ’ ¢(0)‘P> X.Ji, PRL 110 (2013) 262002

to “quasi”-distributions

— 2 dz 1z k* —1 & Z 5
Q(I,M2,P>:/4W g <PW( z)Y’e 9Jo 474 (Z/)lb 0)|P>+0(A CD/(P )27M2/(P )2)
via a factorisation formula

_ 2 dy Z . ’
i, ) = [ (5 L) o)+ © (e (P, M (PY)
’ X.Ji &J.-H. Zhang, PRD 92 (2015) 034006

Requires renormalisation of nonlocal operators X. Ji et al, arXiv/1506.00248
X. Xiong et al, PRD 90 (2014) 014051

Some progress towards this via HQET at NLO

_ relation to OPE-based approa ches? W. Detmold & C.J.D. Lin, PRD 73 (2006) 014501

Initial lattice studies at a single lattice spacing C. Alexandrou et al, PRD 92 (2015) 014502
H.-W. Lin et al, PRD 91 (2014) 054510
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http://arxiv.org/abs/1404.6680
http://arxiv.org/abs/1305.1539
http://arxiv.org/abs/1305.1539
http://arxiv.org/abs/1505.07699
http://arxiv.org/abs/1505.07699
http://arxiv.org/abs/1506.00248
http://arxiv.org/abs/1506.00248
http://arxiv.org/abs/1310.7471
http://arxiv.org/abs/1310.7471
http://arxiv.org/abs/hep-lat/0507007
http://arxiv.org/abs/hep-lat/0507007

Moments of quark density

= /01 dz z"™(q(z) + (=1)""'q(x)) q=q+aq
helicity
(") ae= [ Cdr " (Aq(x) + (—1)"Ag(x)) Ag=aq —q
and transversity
(@)oo = | L de 2" (Gq(x) + (—1)"6g(x)) 50 = qr — .

Odd moments related to spin-independent structure functions

1
[ dea R @) = 3@ 2 )
f

1
| dea 2 @) = dOQ) T a0
f
Even moments related to spin—dependent structure function

1
n A
| deana@ @) = 520 (@ ) )3 Gl



Moments are related to matrix elements of local operators
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For Euclidean lattice operators
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Lie in same O(4) irrep, but inequivalent reps of H(4)
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Second moment operator
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