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Parton Distribution Functions
§ PDFs are universal quark/gluon distributions inside nucleon
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§ Quark distribution 𝑞 𝑥
 Processes: DIS (F2, σ), Drell-Yan,

W-asymmetry, Z-rapidity, (γ+) jet, … 

 Experiments: BCDMS, NMC, SLAC, JLab, 
HERA, E866, CDF, DØ,…

§ Helicity distribution Δ𝑞 𝑥
 Processes: polarized DIS, semi-inclusive DIS, 

photo- and electroproduction of hadrons and 
charm, pp collisions

 Experiments: EMC, HERMES, Hall A, CLAS, 

COMPASS, STAR, PHENIX, …

§ Transversity distribution 𝛿𝑞 𝑥
 Process: single-spin asymmetry in SIDIS, …

 Experiments: HERMES, COMPASS, Belle…

spin-averaged/unpolarized

spin-dep./long. polarized

transversely polarized



Parton Distribution Functions

§ PDFs are universal quark/gluon distributions inside nucleon

§ Important inputs to discern new physics at LHC
 Currently dominate errors in Higgs production 
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§ Experiments cover diverse kinematics of parton variables
 Global analysis takes advantage of all data sets

Global Analysis 
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Applications Predictions



Global Analysis 
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Theory 
Input

Exp’t
Input

Global Analysis 
of PDFs

§ Some choices made
for the analysis

 Choice of data sets and kinematic cuts
 Strong coupling constant αs(MZ)
 How to parametrize the distribution

𝑓 𝑥, 𝜇0 = 𝑎0𝑥
𝑎1 1 − 𝑥 𝑎2𝑃 𝑥

𝑃 𝑥 =  
1 + 𝑎3𝑥 + 𝑎4𝑥

2

𝑒𝑎3𝑥 1 + 𝑒𝑎4𝑥 𝑎5



Global Analysis 
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§ Some choices made
for the analysis

 Choice of data sets and kinematic cuts
 Strong coupling constant αs(MZ)
 How to parametrize the distribution
 Assumptions imposed

SU(3) flavor symmetry, charge symmetry, strange and sea distributions

Theory 
Input

Exp’t
Input

Global Analysis 
of PDFs

For example, 𝑠 =  𝑠 = 𝜅  𝑢 +  𝑑

or symmetric sea in helicity



Global Analysis 
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§ Some choices made
for the analysis

 Choice of data sets and kinematic cuts
 Strong coupling constant αs(MZ)
 How to parametrize the distribution
 Assumptions imposed

SU(3) flavor symmetry, charge symmetry, strange and sea distributions

Theory 
Input

Exp’t
Input

Global Analysis 
of PDFs

Discrepancies appear when data is scarce



Global Analysis 
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§ Many groups have tackled the analysis
 CTEQ, MSTW, ABM, JR, NNPDF, etc.

Jimenez-Delgado, Melnitchouk, Owens,

J.Phys. G40 (2013) 09310



§ Lattice QCD is an ideal theoretical tool for investigating 
strong-coupling regime of quantum field theories 

§ We are beginning to do precision calculations in nucleons 

How Can LQCD Help?
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strong-coupling regime of quantum field theories 

§ We are beginning to do precision calculations in nucleons 
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§ PNDME’s gT,S calculations
 Extrapolate to the physical limit 𝑚𝜋 → 𝑚𝜋

phys
, 𝑎 → 0, 𝐿 → ∞

PNDME, 1506.06411; 1506.04196; in prep.



Tensor/Scalar Charges
PNDME, 1506.06411; in preparationFLAG rating system

New: excited-state rating
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OBSM = fO(εS,TgS,T) 

Upcoming precision
low-energy experiments

LANL/ ORNL UCN neutron 
decay exp’t

|B1−b|BSM < 10−3

|b|BSM < 10−3

CENPA: 6He(bGT) at 10−3

OBSM = fO(εS,TgS,T) 

§ Given precision gS,T and OBSM, predict new-physics scales

Precision LQCD input
(mπ→140 MeV, a→0)

Beta Decays & BSM
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Low-Energy
Expt

𝜀𝑆,𝑇 ∝ Λ𝑆,𝑇
−2

PNDME, PRD85 054512 (2012);

1306.5435; in preparation



Long existing obstacles! 

§ Lattice calculations rely on operator product expansion, 
only provide moments 〈xn〉

§ For higher moments, all ops mix with lower-dimension ops
 No practical proposal to overcome this

New Strategy:
§ Calculate finite-momentum boosted

quark distribution
 In Pz→ ∞ limit, parton distribution is recovered
 For finite Pz, corrections are needed

§ Feasible with today’s resources!

𝑥𝑛−1
𝑞 =  

−1

1

𝑑𝑥 𝑥𝑛−1𝑞 𝑥

Xiangdong Ji, Phys. Rev. Lett. 111, 

039103 (2013)
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PDFs on the Lattice 
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PDFs on the Lattice 
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Large-Momentum Effective Theory for PDFs 

Parton Distribution Functions

Γ

𝑝(𝑃𝑧)

𝑄2 = 0

Γ ∈ {𝛾𝑧, 𝛾𝑧𝛾5, 𝛾𝑧𝛾⊥𝛾5}

𝑝(𝑃𝑧)

𝑃𝑧→∞ limit

𝑞 𝑥, 𝜇 =  𝑞 𝑥, 𝜇, 𝑃𝑧 + 𝒪 𝛼𝑠 + 𝒪  𝑀𝑁
2 𝑃𝑧

2 + 𝒪  ΛQCD
2 𝑃𝑧

2

X. Xiong et al., 1310.7471; J.-W. Chen et al, 1603.06664



§ Exploratory study 
Nf = 2+1+1 clover/HISQ lattices (MILC)
Mπ ≈ 310 MeV, a ≈ 0.12 fm (L ≈ 2.88 fm)

 Isovector only (“disconnected” suppressed)
gives us flavor asymmetry between up and down quark

 2 source-sink separations (tsep≈ 0.96 and 1.2 fm) used

§ Properties known on these lattices
 Lattice ZΓ for bilinear operator ~ 1

(with HYP-smearing) 
𝑀𝜋𝐿≈4.6 large enough to avoid finite-volume effects

tsep

§ Feasible with today’s computational resources! 
 256/512 cores on UW Hyak cluster (NSF grant PHY-09227700)

Hyak @ UW

HWL, Jiunn-Wei Chen, Saul D. Cohen, Xiangdong Ji, 1402.1462 [hep-ph]

Some Lattice Details
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§ Exploratory study 
Nf = 2+1+1 clover/HISQ lattices (MILC)
Mπ ≈ 310 MeV, a ≈ 0.12 fm (Mπ L ≈ 4.5)

tsep

nO sYSTEMATICS YET!
§ Demonstration that the method works! 
 Intend to motivate future LQCD work on many quantities

Warning! 
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§ Exploratory study 

Pz∈ {1, 2, 3} 2π⁄L
 Lattice momenta discretized 

by finite size of volume

 How many links are needed?

Quark Distribution 
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§ Exploratory study 

Uncorrected bare
lattice results

x=kz/Pz

Pz∈ {1, 2, 3} 2π⁄L

Quark Distribution 
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§ Exploratory study 

Distribution gets 
sharper as Pz increases
Artifacts due to finite Pz
on the lattice 

Improvement? 
Work out leading-Pz
corrections

Quark Distribution 
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Pz∈ {1, 2, 3} 2π⁄L



𝑞 𝑥, 𝜇 =  𝑞 𝑥, 𝜇, 𝑃𝑧 + 𝒪  𝑀𝑁
2 𝑃𝑧

2 + 𝒪 𝛼𝑠 + 𝒪  ΛQCD
2 𝑃𝑧

2

What we want 

Xiangdong Ji, Phys. Rev. Lett. 111, 039103 (2013)

Quark Distribution 
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§ Finite-Pz corrections



𝑞 𝑥, 𝜇 =  𝑞 𝑥, 𝜇, 𝑃𝑧 + 𝒪  𝑀𝑁
2 𝑃𝑧

2 + 𝒪 𝛼𝑠 + 𝒪  ΛQCD
2 𝑃𝑧

2

Quasi-distribution
What we calculate

on the lattice
Pz ∈ {1, 2, 3} 2π⁄L

Xiangdong Ji, Phys. Rev. Lett. 111, 039103 (2013)

Quark Distribution 
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§ Finite-Pz corrections



𝑞 𝑥, 𝜇 =  𝑞 𝑥, 𝜇, 𝑃𝑧 + 𝒪  𝑀𝑁
2 𝑃𝑧

2 + 𝒪 𝛼𝑠 + 𝒪  ΛQCD
2 𝑃𝑧

2

Dominant correction (for nucleon);
known scaling form

HWL et al. 1402.1462

J.-W. Chen et al, 1603.06664

§ Finite-Pz corrections
Xiangdong Ji, Phys. Rev. Lett. 111, 039103 (2013)

Quark Distribution 
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𝑞 𝑥, 𝜇 =  𝑞 𝑥, 𝜇, 𝑃𝑧 + 𝒪  𝑀𝑁
2 𝑃𝑧

2 + 𝒪 𝛼𝑠 + 𝒪  ΛQCD
2 𝑃𝑧

2

Finite Pz ↔ ∞ perturbative matching 

𝑞 𝑥, 𝜇, 𝑃𝑧 =  −∞
∞ 𝑑𝑦

𝑦
𝑍 𝑥

𝑦
, 𝜇

𝑃𝑧
 𝑞 𝑦, 𝜇

𝑍 𝑥,  𝜇 𝑃𝑧 = 𝐶𝛿 𝑥 − 1 − 𝛼𝑠
2𝜋𝑍

1 𝑥,  𝜇 𝑃𝑧
Non-singlet case only 

X. Xiong, X. Ji, J. Zhang, Y. Zhao, 

1310.7471;

Ma and Qiu, 1404.6860

§ Finite-Pz corrections
Xiangdong Ji, Phys. Rev. Lett. 111, 039103 (2013)

Quark Distribution 
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𝑞 𝑥, 𝜇 =  𝑞 𝑥, 𝜇, 𝑃𝑧 + 𝒪  𝑀𝑁
2 𝑃𝑧

2 + 𝒪 𝛼𝑠 + 𝒪  ΛQCD
2 𝑃𝑧

2

Smaller Pz correction
complicated higher-twist operator

J.-W. Chen et al, 1603.06664

(extrapolate it away)

§ Finite-Pz corrections
Xiangdong Ji, Phys. Rev. Lett. 111, 039103 (2013)

Quark Distribution 
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§ Exploratory study 
 Take ratios (partially cancel statistical and systematic errors)

𝑞norm 𝑥, 𝜇, 𝑃𝑧 =
𝑞 𝑥, 𝜇, 𝑃𝑧

 𝑑𝑥 𝑞 𝑥, 𝜇, 𝑃𝑧
× 𝑔𝑉

MS(2 GeV)

Quark Distribution 
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No significant
finite-momentum 
effect seen for Pz>1

Removing
O(MN

n/Pz
n) errors + O(αs)



§ Exploratory study 
 Take ratios (partially cancel statistical and systematic errors)

No significant
finite-momentum 
effect seen for Pz>1

Removing
O(MN

n/Pz
n) errors + O(αs)

Further removing
O(Λ2

QCD/Pz
2) errors

Quark Distribution 
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𝑞norm 𝑥, 𝜇, 𝑃𝑧 =
𝑞 𝑥, 𝜇, 𝑃𝑧

 𝑑𝑥 𝑞 𝑥, 𝜇, 𝑃𝑧
× 𝑔𝑉

MS(2 GeV)



§ First time in LQCD history to study antiquark distribution! 
𝑀𝜋 ≈ 310 MeV

Lost resolution in 
small-x region
Future improvement:
larger lattice volume

 𝑑𝑥  𝑢 𝑥 −  𝑑(𝑥) ≈ −0.16(7)

HWL et al. 1402.1462

Sea Flavor Asymmetry

R. Towell et al. (E866/NuSea), Phys.Rev. D64, 052002 (2001)𝒙
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 𝑞 𝑥 = −𝑞 −𝑥



§ Lattice exploratory study 
𝑀𝜋 ≈ 310 MeV Compared with E866

Too good to be true? 

Lost resolution in 
small-x region
Future improvement to 
have larger lattice volume

 𝑑𝑥  𝑢 𝑥 −  𝑑(𝑥) ≈ −0.16(7)

HWL et al 1402.1462

Sea Flavor Asymmetry

R. Towell et al. (E866/NuSea), Phys.Rev. D64, 052002 (2001)

One year later,
this calculation is 
repeated by ETMC,
at 𝑀𝜋 ≈ 373 MeV

Found similar results.
ETMC, 1504.07455
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§ Exploratory study 

 We see polarized sea asymmetr𝑦  𝑑𝑥 Δ 𝑢 𝑥 − Δ  𝑑(𝑥) ≈ 0.14 9

 Both STAR and PHENIX at RHIC see Δ 𝑢 > Δ  𝑑
1404.6880 and 1504.07451

 Other experiments, Fermilab DY exp’ts (E1027/E1039), future EIC

Removing
O(MN

n/Pz
n) errors + O(αs)

+ O(Λ2
QCD/Pz

2) 

Helicity Distribution 

Preliminary 
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1603.06664

𝑀𝜋 ≈ 310 MeV



§ Exploratory study 

P. Schweitzer et al., PRD 64, 034013 (2001)

 𝑑𝑥 𝛿 𝑢 𝑥 − 𝛿  𝑑(𝑥) ≈ −0.10(8)

Transversity Distribution 

Preliminary 
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 We found sea asymmetry of  
 Chiral quark-soliton model

 SoLID at JLab, Drell-Yan exp’t at FNAL (E1027+E1039), EIC, ...

Removing
O(MN

n/Pz
n) errors + O(αs)

+ O(Λ2
QCD/Pz

2) 

𝑀𝜋 ≈ 310 MeV

1603.06664

𝛿 𝑞 𝑥 = −𝛿𝑞 −𝑥 1505.05589; 1503.03495



§ Overcoming longstanding obstacle to x-distribution 
 New idea by Ji for studying full x dependence of PDFs

 Promising results on unpolarized and polarized sea asymmetry  

compared with experiments, even at non-physical pion mass

§ Caveats 
 Not a precision calculation yet

 Need to complete the other pz corrections

(on-going; possibly done in a couple weeks)

 Systematics due to large momenta (some ideas to improve it)

§ Need improvement for large-momentum sources
 Better overlapping boosted hadron smearing (asymmetric source)

 Applications: large-q form factors, hadronic and flavor physics, …  

Exciting time for hadron structure on the 
lattice 
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§ Overcoming longstanding obstacle to full x-distribution 
 Most importantly, this can be done with today’s computer 

§ First lattice approach to study sea asymmetry
 Promising results on unpolarized and polarized sea asymmetry 
 Prediction of transversity sea asymmetry 

§ Caveats 
 Need to improve large-momentum signal: 

large-q form factors, heavy-flavor physics, …  
 Not a precision calculation yet; needs better 

statistics, proper renormalization, … 

§ Opens doors to much future lattice-QCD work
 GPDs, gluons, TMDs…

Exciting time for studying structure on the lattice 

Summary and Outlook
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Backup Slides
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Systematic Control 
§ Much effort has been devoted to controlling systematics 
§ A state-of-the art calculation (PNDME)

 Move the
excited-state systematic
into the statistical error

𝒂 = 𝟎.𝟏𝟐 𝐟𝐦, 310-MeV pion

0.96fm               1.20fm            1.44fm

𝐶3pt 𝑡𝑓, 𝑡, 𝑡𝑖 = 𝒜0
2 0 𝒪Γ 0 𝑒−𝑀0 𝑡𝑓−𝑡𝑖

+𝒜0𝒜1
∗ 0 𝒪Γ 1 𝑒−𝑀0 𝑡−𝑡𝑖 𝑒−𝑀1 𝑡𝑓−𝑡

+𝒜0
∗𝒜1 1 𝒪Γ 0 𝑒−𝑀1 𝑡−𝑡𝑖 𝑒−𝑀0 𝑡𝑓−𝑡

+ 𝒜1
2 1 𝒪Γ 1 𝑒−𝑀1 𝑡𝑓−𝑡𝑖

 No obvious contamination 
between 0.96 and 1.44 fm
separation

𝑂Γ = 𝛾𝜇𝛾5

𝑂Γ = 1

𝑂Γ = 𝜎𝜇𝜈

Huey-Wen Lin — April APS Meeting, Salt Lake City



§ Much effort has been devoted to controlling systematics 
§ A state-of-the art calculation (PNDME)

 Move the
excited-state systematic
into the statistical error

𝒂 = 𝟎.𝟎𝟗 𝐟𝐦, 310-MeV pion

𝐶3pt 𝑡𝑓, 𝑡, 𝑡𝑖 = 𝒜0
2 0 𝒪Γ 0 𝑒−𝑀0 𝑡𝑓−𝑡𝑖

+𝒜0𝒜1
∗ 0 𝒪Γ 1 𝑒−𝑀0 𝑡−𝑡𝑖 𝑒−𝑀1 𝑡𝑓−𝑡

+𝒜0
∗𝒜1 1 𝒪Γ 0 𝑒−𝑀1 𝑡−𝑡𝑖 𝑒−𝑀0 𝑡𝑓−𝑡

+ 𝒜1
2 1 𝒪Γ 1 𝑒−𝑀1 𝑡𝑓−𝑡𝑖

 Much stronger effect at
finer lattice spacing! 

 Needs to be studied
case by case

0.90fm               1.08fm            1.26fm

Systematic Control 

Huey-Wen Lin — April APS Meeting, Salt Lake City



Huey-Wen Lin — April APS Meeting, Salt Lake City

Systematic Control 

gT2.6k 41.6k

§ Much effort has been devoted to controlling systematics 
§ A state-of-the art calculation (PNDME)
 Statistical effect 𝒂 = 𝟎.𝟎𝟔 𝐟𝐦, 220-MeV pion

Plots by Boram Yoon 
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Systematic Control 
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Plots by Boram Yoon 



§ Much effort has been devoted to controlling systematics 
§ A state-of-the art calculation (PNDME)
 Statistical effect (worst case) 𝒂 = 𝟎.𝟎𝟔 𝐟𝐦, 220-MeV pion
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Systematic Control 

gA2.6k 41.6k

Plots by Boram Yoon 



§ Much effort has been devoted to controlling systematics 
§ For example, PNDME’s calculations
 Statistical effect (worst case) 𝒂 = 𝟎.𝟎𝟔 𝐟𝐦, 220-MeV pion
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Systematic Control 

gA2.6k 41.6k

Lessons Learned

 𝑔𝐴 is not a gold-plated quantity
Early impressions that 𝑔𝐴 would be easy underestimated systematics

 No review of 𝑔𝐴 in this talk
Stay tuned for a better controlled 𝑔𝐴 in the future 

 You can still trust lattice 𝑔𝐴
…from groups who do due diligence for every ensemble

and carefully study systematics

 Getting 𝑔𝐴 to subpercent precision will be very hard
Sitting back and letting the computer do the work won’t get us there

 Perhaps 𝑔𝑇 is the real gold-plated quantity



A.D. Martin et al. 

Eur.Phys.J. C63, 189 

(2009)

J.F. Owens et al.

PRD 87, 094012 

(2012)

S. Dulat et al. 

arXiv:1506.07443

Quark Distribution 
§ A first exploratory study 
Nf = 2+1+1 clover/HISQ lattices (MILC)
Mπ ≈ 310 MeV, a ≈ 0.12 fm (MπL ≈ 4.5), O(103) measurements

HWL et al. 1402.1462
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